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Recently, we are experiencing a soar of the traffic needs for the data net-
works with the paradigm shifting of industry and the upgrade of the in-
formation infrastructure. It places a bandwidth-hunger of the data in-
terconnections in almost all scenarios, particularly for ones between and
inside large-scale datacenters. Besides the needs for data-rate, the design
and deployment of datacenter interconnects are limited by other equally
important requirements, e.g. power consumptions, costs, latencies, foot-
print, lifetime and reliability. Thus, the current simple modulation scheme,
i.e. non-return-to-zero (NRZ), lags behind expectations for the future de-
velopment. For this reason, advanced modulation schemes and physical
configurations have been proposed in the past few years.
This thesis summaries a three-year Ph.D. research on the advanced
modulations for the large datacenter interconnections, using 850 nm vertical-
cavity surface-emitting lasers (VCSELs). The majority covers the applica-
tion of multi-dimensional coded modulations in the transmission systems
with intensity-modulated direct-detection (IM/DD) schemes. It presents
the benefits of both multi-level signals and multi-subcarrier systems.
The work starts with the design of four and eight-dimensional multi-
level modulation formats, and further simplifications regarding the com-
plexity of the modulation and demodulation, as well as the decision process.
Then, an eight-dimensional eight-level format, i.e. BB8, with equivalent
2 bit/symbol, is theoretically proposed and experimentally demonstrated.
It is further extended to a family of eight-dimensional modulation formats,
named as E8Flex-m. The family based on the optimal eight-dimensional
lattices. It provides a smooth transition of the bit-rate with a finer gran-
ularity of 0.125 bit/symbol. Based on the similar designing philosophy,
we demonstrated a 24-dimensional pulse amplitude modulation (PAM), by
combining the temporally adjacent symbols, based on the densest lattice











signed and demonstrated. It shows that the performance of the 24-D PAM
outperforms its 8-D counterpart, as well as the conventional PAMs in a
100 Gbit/s system. Further, we extend such format into a bit-rate flexible
version by using the cutting and scaling techniques on the hyperspace.
To enhance the performance, we combine the above mentioned rate-
flexible hyperspace formats with the multi-subcarrier techniques, such as
discrete multitone (DMT) and carrier-less amplitude phase modulations
(CAP). We demonstrate a world record 120 Gbit/s DMT using 850 nm
multi-mode VCSELs over 100 m MMFs and four-dimensional formats.
Based on that, we demonstrate the transmission with a serial of four-
dimensional formats loaded with general benefits in data-rates. A further
application of the eight-dimensional formats on DMT transmissions is in-
vestigated, showing a series of benefits in the bit-rate increase, the reach
extension, and the enhancement of the tolerance for the thermal and in-
sertion loss. Meanwhile, the experiments of the 24-D rate-flexible formats
loaded for the multi-band CAP transmission are demonstrated. It shows
the further improvement of the performances, including the reach, thermal
tolerance and the insensitivity of the insertion loss.
Some other advanced modulation schemes related with this three-year
research are briefly introduced, such as the mode-selective launching and
the optical compensation techniques for the mode-division multiplexing of
optical angular momenta.
In summary, this thesis presents various alternative modulation schemes,
opening new possibilities and feasibilities of multi-dimensional coded mod-
ulations in future products, improving the state of the art techniques, ex-
tending the understanding of the benefits gained for the next generation
optical data links used inside and between mega-datacenters, and hopefully
bringing them closer to the actual deployments.
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For nylig oplever vi en stigning i trafikbehovene for datanetværkene med
paradigmeskiftet af industrien og opgraderingen af informationsinfrastruk-
turen. Det placerer en b˚andbredde-sult af dataforbindelserne i næsten alle
scenarier, især for dem mellem og inde i store datacentre. Ud over behovet
for datahastighed er design og implementering af datacenterforbindelser
begrænset af andre lige vigtige krav, f.eks. strømforbrug, omkostninger,
ventetider, størrelsesformer, levetid og p˚alidelighed. S˚aledes ligger det nu-
værende enkle modulationsformat, dvs. non-return-to-zero (NRZ), bag for-
ventningerne til den fremtidige udvikling. Af denne grund er avancerede
modulationsformater og fysiske konfigurationer blevet foresl˚aet i de sidste
par a˚r.
Denne afhandling opsummerer en tre˚arig Ph.D. -forskning af de
avancerede modulationer for de store datacenter sammenkoblinger, med
hjælp af 850 nm vertical-cavity surface-emitting lasers (VCSELs).
Størstedelen dækker anvendelsen af multidimensionale kodede modula-
tioner i transmissionssystemer der benytter intensity-modulated direct-
detection (IM/DD). Det præsenterer fordelene for b˚ade multi-level sig-
nal og multi-subcarrier systemer. Arbejdet starter med udformningen
af fire og otte dimensionale modulations formater med flere niveauer og
yderligere simplificeres med hensyn til kompleksiteten af moduleringen og
de-moduleringen samt beslutningsprocessen. Derefter foresl˚as det otte-
dimensionelle otte-niveau format, dvs. BB8, med ækvivalent 2 bit/symbol,
teoretisk og demonstreret eksperimentelt. Den udvides yderligere til en
familie af otte-dimensionelle modulationsformater, kaldet E8Flex-m. Fam-
ilien er baseret p˚a de optimale otte-dimensionale gitter. Det giver en jævn
overgang af bitrate med en fin granulering p˚a 0.125 bit/symbol. Baseret
p˚a den tilsvarende designfilosofi demonstrerede vi en 24-dimensional puls
amplitude modulering (PAM) ved at kombinere de temporært tilstødende











Formater med ækvivalente 2 bits er designet og demonstreret. Det viser,
at den bedre ydelse af 24-D PAM overpræsterer sin 8-D modpart, s˚avel som
de almindelige PAM formater i et 100 Gbit/s system. Ydermere, udvidede
vi dette format til en bitrate fleksibel version ved at bruge skære og dele
teknikker p˚a hyper-rummet.
For at forbedre ydeevnen kombinerer vi de ovennævnte rate-fleksible
hyper-rums formater med multi-subcarrier teknikker, s˚asom diskret multi-
tone (DMT) og cairrer-less amplitude fase modulering (CAP). Vi demonstr-
erer en verdensrekord p˚a 120Gbit/s DMT ved hjælp af 850 nm multi-mode
VCSELs over 100 MMFs bærende fire-dimensionelle formater. P˚a baggrund
af dette demonstrerede vi transmissioner af en række af fire-dimensionelle
formater, som alle viste en generel fordel i data rater. En yderligere anven-
delse af de otte-dimensionelle formater via DMT-transmissioner er blevet
undersøgt, hvilket viser en række fordele i form af bithastigheds forøgelse,
transmissions forlængelse og forbedringen af tolerancen for termisk og ind-
sættelsestab. I mellemtiden demonstreres eksperimenterne af de 24-D rate-
fleksible formater, der er lastet til multi-band CAP-transmission. Det
demonstrerer den yderligere forbedring af ydelsen, herunder transmission-
slængden, termisk tolerance og ufølsomhed af indsættelsestab.
Nogle andre avancerede modulerings muligheder, der relaterer sig til
disse tre˚arige undersøgelser, er kort introduceret, s˚asom mode-selektive
launching og optiske kompensationsteknikker til mode-division multiplex-
ing af optisk vinkel-momenta. Sammenfattende præsenterer denne afhan-
dling forskellige alternative modulerings muligheder, der a˚bner op for nye
multidimensionel kodet moduleringer i fremtidige produkter, forbedring af
de nyeste teknikker, udvidelse af forst˚aelsen af de fordele, der er opn˚aet for
den næste generation af optiske datalink, der anvendes inde i og imellem
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In recent years, Internet plus, i.e. ‘Internet+’, is widely recognized as the
fourth industrial revolution, which is expected to shift the paradigm of the
industrial development, boost the further economic growth and reshape
the social relations. It is acknowledged and accepted by governments over
the world as national strategies, among which the most famous ones include
‘Made in China 2025’ in China, ‘Industry 4.0’ in Germany, ‘National Strate-
gic Plan for Advanced Manufacturing’ in the United States and ‘Strategy
for Industry 2050’ in U.K. Such tendency re-defines the role that data are
playing essentially and promotes the fast upgrades of the current genera-
tion of information infrastructures: the standardization of the fifth genera-
tion (5G) techniques is approaching its last phase to the actual deployment;
The clusters of the large-scale data and computation-centers are sprouting
over the whole planet; The satellite swarm based space Internet access is on
its way down to the earth. Besides, the current trend of decentralization,
which alleviates the traffic load on the backhaul networks by adding the
redundancy on the local level, e.g. the cloud computing, and enhances the
efficiency and security of the record of commercial transactions by adopting
the distributive topology of data systems, e.g. the block chains, leads to
a soar of traffic needs on the metro, access, and especially datacenter net-
works. Among all the technical difficulties, the tremendous volume of data
merged and exchanged in and between datacenters, therefore, increasingly
becomes a critical obstacle in the way paving to the future. Companies who
are strongly relying on data start to investing in the network and compu-
tation infrastructure intensively. For instance, the Internet giants, such as
Google, Facebook, and Alibaba, are constructing their private datacenter











Table 1.1: Definition of datacenter scale [2].
Size Metric Rack Yield SQM(m2) DL(m)
Mega ≥9,001 ≥22,501 ≥216
Massive 3,001-9,000 7,501-22,500 128-216
Large 801-3,000 2,001-7,500 64-128
Medium 201-800 501-2,000 32-64
Small 11-200 26-500 8-32
Mini 1-10 1-25 1-8
cepted in 2019, and the further upgrade beyond 1T networks is approaching
in next five years, i.e. 2023.
1.1 Optical interconnects for mega-datacenters
1.1.1 Requirements
A datacenter can be seen basically as a cluster of parallel supercomput-
ers. Along with the upgrade of the scale, the construction of a datacenter
gets increasingly complex and becomes far beyond simply piling computa-
tion and storage units. The data exchange between datacenters appears a
major obstacle of the scalability. The scale of a datacenter is defined as
listed in Tab. 1.1. For smaller scale datacenter, where the CPUs or racks
are deployed closely, copper interconnects are sufficient for the bandwidth
needs; whereas for datacenters with larger scale and more complicated hi-
erarchy, optical interconnects become the mainstream solutions deployed
in the current generation datacenters with connecting distance longer than
few meters, due to its higher bandwidth and longer reach. Fig 1.1 shows
the network topology of a modern datacenter1. The number of intercon-
nects and traffic on a different layer, especially the spine plane, increases
exponentially with the scale of computation nodes. Thus, the datacenter
interconnection (DCI) is bandwidth-cost sensitive.
For reducing the cost of the bandwidth needs, a hierarchal deployment
strategy is adopted. It means using different technologies for interconnects
on the corresponding layer. Concretely, the intra-rack interconnects, i.e.
<1 m, usually adopt copper links and printed circuit board (PCB) [3].
Recently, the polymer waveguide based intra-rack/on-board optical inter-
connect is also investigated [4], which is promising as an alternative for
1The diagram refers to the presentation of Facebook datacenters [1]
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10 G to 40 G  
Inter-rack 
Interconnect 
40 G to 100 G 
Figure 1.1: The typical network topology of a modern mega-datacenter.
the future. The interconnects with transmission distance from few meters
to few kilometers, typically 2 km is the intra-datacenter case, which con-
nects the top-of-rack (TOR) switch, edge switch, edge aggregation switch
and the spine switch [3]. For interconnects with transmission distance
<100 m, vertical-cavity surface-emitting laser (VCSEL) based multi-mode
fiber (MMF) data links are used. It offers a comprehensive trade-off be-
tween performance and cost. Specifically, the cost of the VCSELs and
VCSEL-to-MMF coupling, especially for 850 nm VCSELs, is relatively low,
which balances the higher cost on the MMF. Beyond 100 m, single-mode
fiber (SMF) becomes an exclusive solution. Moreover, the choices of lasers
are beyond VCSEL only. External modulation schemes, e.g. Mach-Zehnder
modulator (MZM) and electro-absorption modulator (EAM), with reason-
able costs, also become the possible options. The reasons behind it include
(1) the lower cost of SMF; (2) longer reach due to the lower dispersion, or
equivalently higher bandwidth of SMF than MMF [3]. For distance beyond
i
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Table 1.2: Physical layers of 40/100 Gigabit Ethernet standard in IEEE 802.3 [6].
Physcial layer 40 Gigabit Ethernet 100 Gigabit Ethernet
Backplane n.a. 100GBASE-KP4
Improved Backplane 40GBASE-KR4 100GBASE-KR4
7 m over twinax copper cable 40GBASE-CR4
100GBASE-CR10
100GBASE-CR4
100 m over OM3 MMF
40GBASE-SR4
100GBASE-SR10
125 m over OM4 MMF 100GBASE-SR4
500 m over SMF - 100GBASE-DR
2 km over SMF, serial 40GBASE-FR 100GBASE-CWDM4
10 km over SMF 40GBASE-LR4 100GBASE-LR4
40 km over SMF 40GBASE-ER4 100GBASE-ER4
Table 1.3: Featured requirements for current and future datacenters [5].
Metric 2012 2017 2022
Line speed (Gbp) 10-100 100-1000 250-2500
Cost ($/Gbps) 1-5 0.5 0.025-0.15
Power inter-rack (pJ/bit, mW/Gbps) 20-100 10-50 10-20
Power inter-chip (pJ/bit, mW/Gbps) 2-10 1-5 1-2
the few km, it enters the territory of the inter-datacenter interconnects,
where the aggregation of the data stream imposes a higher requirement
on the data rate. Thus, WDM techniques will be used in this application
scenario. The IEEE standards for 40/100 Gigbit Ethernet are partly listed
in the Tab. 1.2, showing different requirements on transmitting distances
for corresponding scenarios.
In the Tab. 1.3, some featured requirements of the current and future
datacenter are listed [5]. Apart from the bandwidth needs (i.e. data rate),
the other major requirements or limiting factors of the optical interconnect
for the future datacenters, especially the mega-datacenters, include reach,
cost, power consumption, latency, footprint, reliability, flexibility (or known
as serviceability) [3].
1.1.2 Standards of the short-reach data interconnects
The typical protocols used for datacenter interconnects include Ethernet,
InfiniBand, Fiber channel and etc. IEEE Ethernet standards 802.3 is
the most widely accepted standards for 100 G interface. It covers all
i
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Table 1.4: Physical layers of 200/400 Gigabit Ethernet standard in IEEE 802.3 [7].
Media Wavelength Gbit/s/lane Standards
70 m OM3 850 26.5625 200GBASE-SR4
100 m OM4 850 26.5625 200GBASE-SR4
500 m SMF 1304.5-1317.5 26.5625 200GBASE-DR4
2 km SMF 4λ 1271-1331 26.5625 200GBASE-FR4
10 km SMF 4λ 1295.56-1709.14 26.5625 200GBASE-LR4
70 m OM3 850 26.5625 400GBASE-SR16
100 m OM4 850 26.5625 400GBASE-SR16
500 m SMF 1304.5-317.5 53.125 400GBASE-DR4
2 km SMF 8λ 1273.54-1309.14 26.5625 400GBASE-FR8
10 km SMF 8λ 1273.54-1309.14 26.5625 400GBASE-LR8
of the datacenter application scenarios, ranging from backplane (< 1 m,
e.g. 802.3bj or 100GBASE-KP4) to inter-mega-datacenter connections
(∼ 10 km, e.g. 802.3ba or 100GBASE-LR4). The some other non-IEEE
standards are accepted and owns the impregnable market shares, includ-
ing 100GBASE-CWDM4 MSA [8] for 2 km reach of wavelength division
multiplexing (WDM) links over SMF with central wavelength at 1310 nm,
100GBASE-PSM4 [9] for 500 m reach, and 100GBASE-CWDM4 OCP [10]
supporting 500 m reach with Reed-Solomon (RS) forward error correc-
tion (FEC).
Apart from the Ethernet, InfiniBand is another important communica-
tion standard for computer-networking in the high performance comput-
ing (HPC). Compared with IEEE standard, InfiniBand emphasizes higher
throughput and low latency. It is now widely applied in data links be-
tween and within super-computers as well as servers and storage systems.
It is standardized by the InfiniBand Trade Association (IBTA) [11]. In
the Tab. 1.5, the rate feature of some selected standards of InfiniBand is
listed. For the high throughput and low latency, InfiniBand adopts coding
schemes with short codes, e.g. 64b/66b [12].
1.1.3 Module standards
A multi-source agreement (MSA) is an agreement between multiple man-
ufacturers to make products which are compatible across vendors, acting
as de facto standards [14]. MSAs strictly define the features of the de-
vices, so that system vendors may implement ports in their devices (e.g.
i
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Table 1.5: Rate features of selected InfiniBand standard [13].
FDR10 FDR EDR HDR NDR XDR
Bit-rate (Gbit/s) 10.3125 14.0625 25.78125 50 100 250
Throughput (Gbs) 10 13.64 25 50 100 250
Speeds 4x (Gbit/s) 40 54.54 100 200 400 1000
Speeds 8x (Gbit/s) 80 109.08 200 400 800 2000
Speeds 12x (Gbit/s) 120 163.64 300 600 1200 3000
Encoding (bits) 64/66 64/66 64/66 64/66 - -
Latency (µs) 0.7 0.7 0.5 - - -






































Power: 7 W  
89.4×18.4×8.5 mm 
Figure 1.2: Optical transceiver module standards.
Ethernet switches and routers) that allow MSA compliant devices to func-
tion properly. The small form-factor pluggable (SFP) transceiver MSA in-
clude quad small form-factor pluggable (QSFP), quad small form-factor
pluggable with 4×28 Gb/s interface (QSFP28), quad small form-factor
pluggable double density (QSFP-DD), micro quad small form-factor plug-
gable (MicroQSFP) and octal small form-factor pluggable (OSFP). An
intuitive illustration of the pluggable standards is shown in Fig. 1.2 with
reference to [3]. The cutting-edge products from year 2018 on the market
are the 400G QSFP-DD and OSFP.
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1.2 Intensity-modulated direct-detection
Most of the optical interconnects used inside the datacenters are based
on a so-called intensity-modulated direct-detection (IM-DD) transmission
scheme. Cost and realizability are the primary considerations of adopting
such technology. For the short-reach datacenter interconnects, e.g. rack-to-
rack interconnects, the 850 nm VCSEL based IM-DD schemes are usually
adopted, together with MMF as the data channel. At the receiver side,
high-speed GaAs photodiodes are typically used to convert the optical sig-
nal into the electrical domain. In this paper, we focus on the configuration
with 850 nm VCSELs. In the following, we clarify several general questions
about the choice of such configuration and justify the research context of
this thesis.
1.2.1 Why VCSELs?
As above mentioned, for the short-reach intra-datacenter interconnects,
especially for the rack-to-rack interconnects, or known as the inter-TOR-
switch interconnects, VCSELs coupled with MMF are dominantly adopted.
It is the natural results based on comprehensive considerations. First of all,
the directly modulated lasers are easier to implement and package. Com-
pared with the externally modulated lasers, the laser cavity and the electri-
cal interface are co-designed without considering the coupling between the
laser and the external modulator, e.g. MZM and EAM. Thus, the designing
and realization based on the intensity-modulated laser is straightforward.
By doing so, integrated circuit (IC) designers can focus on designing the
compatibility between the driver and laser, without considering additional
port designs. Among the directly modulated lasers (the majority of them
are intensity modulated.), the cost of VCSELs is relatively low, compared
with other edge emitting lasers. This partly results from the lower expense
on the fabrication process for the corresponding VCSEL structures and the
scalability in the mass production. The other reason lays in the lower cost
of the laser-fiber coupling. Furthermore, the directly modulated lasers ap-
pear to be more power efficient, i.e. J/bit than other external modulator
schemes [15]. And, VCSEL seems to possess even higher power efficiency
due to the lower threshold current and higher slope efficiency. Last but
not least, VCSEL can operate without temperature controlling devices.
It is because that the IM-DD systems are not frequency sensitive, as no
phase of the carrier will be exploited. Meanwhile, the current modulation
does not require high stability frequency. On the contrary, the external
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modulator usually imposes a high requirement on the frequency stability
for the efficient signal modulation and stable power outputs. Concretely,
if the wavelength of the laser output slips out of the effective absorption
range of a EAM, no effective modulated signal will be guaranteed. Thus,
the temperature controller is inevitable, brings additional power consump-
tion and increases the overall power consumption; whereas the uncooled
VCSEL based transceivers are typically and widely deployed in the current
datacenters. For instance, Google is now deploying 4×10 Gb/s of uncooled
coarse wavelength division multiplexing (CWDM) technology with directly
modulated lasers [3].
1.2.2 Which wavelength 850 nm, 1310 nm or 1550 nm?
The choice of wavelength is a major topic in the short-reach datacen-
ter interconnects. Configurations with different carrier wavelengths are
a natural evolution result according to the concrete application scenarios.
For interconnects short than 100 m, the 850 nm VCSEL is the dominat-
ing technology. Concretely, IEEE standards supporting 100 m transmis-
sion, e.g. 100GBASE-SR4, 200GBASE-SR4 and 400GBASE-SR16, adopt
such framework. The primary supporting factor is the low-cost solution
available by using the state-of-the-art VCSEL techniques, which can offer
25 GHz analogy bandwidth and support 26.5625 Gbps per lane transmis-
sion [6]. According to the recent IEEE standards, e.g. 100GBASE-DR,
200GBASE- DR4/FR4, 200GBASE- DR4/FR4, the wavelength range cen-
tered at 1310 nm becomes the first choice for the interconnects < 2 km
using standard single-mode-fiber (SSMF), i.e. ITU-T G.652. Some non-
IEEE standards, e.g. 100G PSM4 [9], also adopt 1310 nm as the standard
wavelength for the optical carrier. The reason for using 1310 nm wave-
length mainly comes from the dispersion. SSMF shows the lowest chromatic
dispersion at a wavelength around 1310 nm. The performance degrada-
tion from inter-symbol interference (ISI) becomes increasingly serious when
the baud rate scales up to 25 G or beyond over SSMF of few kilometers.
The application of low dispersion wavelength implies lower pressure on the
chromatic dispersion compensation and therefore reducing the cost of im-
plementation, compared with the even longer wavelength, e.g. 1500 nm.
However, one limiting factors of 1310 nm center wavelength applied in even
longer links is the higher attenuation in the SSMF, i.e. ≤0.35 dB/km com-
pare with ≤0.2 dB/km at 1550 nm for Corning SSMF28 [16] according to
ITU-T G.652.D, and 0.33-0.35 dB/km, compared with 0.19-0.22 dB/km for
Darka [17] according to ITU-T G.652.B. The other factors include the com-
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patibility of the current standard telecommunication devices, e.g. erbium
doped fiber amplifier (EDFA).
Yet, on the territory edges where the advantages of each technique are
not obvious, the choice of products can be indecisive. For instance, with the
development of 850 nm VCSEL and MMF, higher bandwidth and longer
reach are available to support the commercial possibilities beyond 100 m.
On the other hand, for 1310 nm techniques, with the improvement of the
VCSEL output power, as so-called high power VCSEL, may also open the
door towards the low-cost solution with longer transmission distance, en-
tering the traditional territory for the 1550 nm technologies. Therefore,
schemes with different wavelength are expected to co-exist long in the fu-
ture. However, the market share of each technique will fluctuate while the
techniques in the corresponding direction are advancing.
In this thesis, we will focus on the performance enhancement of the
850 nm VCSELs and explore the possibility of extending the territory of
850 nm techniques in the future datacenter interconnections.
1.2.3 Choice of FEC threshold
The performance criteria of a transmission system are often defined con-
cerning a specific bit error rate (BER) threshold. Different IEEE stan-
dards for the short-reach Ethernet accept various FEC strategy. In optical
transmission network (OTN) standard, hard-decision (HD) FEC with 7%
overhead (OH) is adopted and BER below 3.8 × 10−3 is required as a cri-
terion of successful transmission. However, it is not always reasonable to
consider this BER threshold for the short-reach optical interconnect sce-
nario because of high latency and large OH of OTN FEC. Applications such
as the intra-datacenter (< 1000 m), the rack-to-rack interconnects (from
several meters to hundreds of meters) and the board-to-board interconnects
require the latency less than several hundred nanoseconds, e.g. 95∼105 ns
for 100GBASE-KP4 and 85∼95 ns for 100GBASE-KR4 [18]. In addition,
the high data exchange rates between datacenters are sensitive to the FEC
OH. The newly accepted IEEE 802.3bm standard 100GBASE-SR4 adopts
FEC with a lower BER threshold for transmission. The standard includes
2.7% OH Reed-Solomon code, RS (528, 514), with∼45 ns latency. These re-
quirements imply BER threshold at 1.42×10−5 for output BER lower than
10−15 [19,20]. In addition, 5.8% OH Reed-Solomon code, RS (544, 514), is
compatible to the 100GBASE-KR4, requiring the latency of ∼70 ns [18,21].
Moreover, non-FEC transmission schemes are still preferred for many
application scenarios with extreme latency requirements, e.g. the data
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exchange between supercomputers. BER lower than 10−12 or even 10−15 is
required, which is mainly associated with the InfiniBand standards.
In this thesis, we place the research in the application scenarios of the
mega-datacenters, emphasizing the performance of different techniques over
100 m∼200 m MMF. Thus, we adopt, if without particular explanations,
three different FEC thresholds, as the criteria for the performance compar-
ison, i.e. 7% HD-FEC of required BER at 3.8 × 10−3, the KP-4 standard
5.8% RS (544, 514) of the required BER at 2.2× 10−4, and the KR-4/SR-4
standard 2.7% RS (528, 514) for the required BER at 1.5 × 10−5. These
three FEC thresholds cover the most application scenarios of the short-
reach applications. In addition, for comparing the performance of non-
FEC transmissions, we use the BER at the accuracy limit. For most of
the experiment, the value is chosen as 1.25 × 10−6, if without specifically
mentioning. The value is also used as the threshold for the comparison of
the asymptotic performance.
1.3 Benchmarks of IM-DD transmission using
850 nm VCSEL
1.3.1 Single carrier
For the optical interconnect in the early stage of development, the simple
modulation with non-return-to-zero (NRZ) is used. It is easy for imple-
mentation and offer a low-latency solution. The scale of the bit-rate then
depends on the extension of the bandwidth of hardwares. Averagely, NRZ
requires the analog bandwidth close to ∼0.75 of the the bit-rate. The data-
rate can be boosted by using pulse shaping techniques. In the extreme case,
the needs of analog bandwidth is half of the bit-rate desired.
Regarding the bit-rate, the current record for NRZ transmission is a
71 Gbit/s demonstration in the multi-mode (MM) VCSEL-based link over
7 m MMF [22], with two-taps feed-forward equalizer (FFE) and a 68 Gbit/s
over 100 m MMF [23]. The highest bandwidth-distance product of NRZ
error-free NRZ transmissions (i.e. BER below 10−12) based on a 850 nm
MM VCSEL is recored in [24] with 64 Gbit/s over 57 m OM4 and 60 Gbit/s
over 107 m OM4. P. Westbergh and et al. reported a 43 Gbit/s NRZ
over 100 m OM3 MMF without equalizations [25]. K. L. Chi and et al.
reported a 54 Gbit/s on-off keying (OOK), i.e. NRZ, transmission over 1 km
with respect to 7% FEC using 850 nm single-mode (SM) VCSEL together
with a decision feedback equalizer (DFE) of 40 T/2 forward taps and 10
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feedback taps [26]. Considering the thermal effects, D. M. Kuchta and
et al. demonstrated a 50 Gbit/s error-free transmission with equalization
up to 90 ◦C and without equalization up to 57 ◦C over few meters fiber
[27]. Meanwhile, alternative investigations based on SM VCSEL have been
conducted with benchmark works including a 54 Gbit/s NRZ transmission
over 1000 m OM3 MMF [28,29].
For enhancing the spectral efficiency and boosting the bit-rate, multi-
level modulations are adopted in recent development. Among which, PAM-
4 is the most realistic and promising formats for next-generation optical
interconnects. The proof-of-concept demonstrations have been reported
recently with the following benchmark works based on 850 nm VCSELs. In
2017, J. Lavrencik and et al. reported an error-free (i.e. < 10−12 ) PAM-4
transmission over 100 m wideband fiber using 850 nm VCSELs with trans-
mitter equalization [23]. In 2016, a 112 Gbit/s PAM-4 transmission over
100 m OM4 MMF was demonstrated supported by the equalization with
FFE and maximum likelihood sequence estimation (MLSE), with respect
to the BER threshold for the standard 7% HD FEC [30]. T. Zuo and et al.
reported PAM-4 demonstrations of 150 Gbit/s, 100 Gbit/s and 70 Gbit/s
over 100 m, 300 m and 500 m OM4 respectively using digital signal process-
ing (DSP) [31]. G. Stepniak and et al. demonstrated PAM-4 transmissions
of pre-FEC 80 Gbit/s over 100 m OM4 using 850 nm MM VCSEL and pre-
FEC 108 Gbit/s over 100 m and pre-FEC 90 Gbit/s over 600 m OM4 using
850 nm SM VCSEL [32]. The demonstrations use equalizers with 40 FFE
and 10 DFE taps. Similar work was also reported in [33] with a 107 Gbit/s
PAM-4 over 105 m OM4 with respect to a BER threshold at 4.2×10−4 using
oﬄine equalizations. S. M. R. Motaghiannezam and et al. extended the ag-
gregated pre-FEC rate of PAM-4 to 180 Gbit/s, i.e. 45 Gbit/s per lane, over
300 m OM4 in a shortwave division multiplexing (SWDM) system [34,35].
Similar works include [36] and [37]. J.M. Castro and et al. demonstrated
48.7 Gbit/s PAM-4 transmission over 200 m MMF using 850 nm VCSEL
and a 6-tap DFE [38, 39]. The other PAM-4 works include net 50 Gbit/s
over 200 m [40], 96 Gbit/s over a few meter MMF [41], 70 Gbit/s over 2 m
MMF [42] and earlier benchmarks with 60 Gbit/s over 2 m MMF [43] and
30 Gbit/s over 200 m MMF [44].
1.3.2 Multi-subcarrier
To further enhance the spectral efficiency, we can use multi-subcarrier mod-
ulation schemes. Typical sub-carrier modulations for IM-DD systems in-
clude discrete multi-tone modulation (DMT) and carrier-less amplitude
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phase modulation (CAP). DMT is a real-value version of orthogonal fre-
quency division multiplexing (OFDM). J. Lee and et al. suggested of
using DMT in the MMF based IM-DD system and demonstrated a 25-
Gbit/s DMT over 1 km OM4 MMF using a 10 G 850 nm MM VCSEL [45].
Recently, more applications of DMT to enhance the VCSEL based sys-
tems have been reported. The benchmarks include a 115 Gbit/s DMT
transmission using 1550 nm VCSEL and covering 500 m to 4 km SSMF
with 95 Gbit/s to 105 Gbit/s respectively [46]. A 50 Gbit/s DMT trans-
mission using 25 G class 850 nm VCSEL and an approaching 100 Gbit/s
hybrid QAM-DMT transmission were demonstrated through 100 m OM3
MMF [47]. A world record of DMT was reported in [48, 49] using a 26-
GHz 850 nm VCSEL with 161 Gbit/s, 152 Gbit/s, 135 Gbit/s over 10 m,
300 m, 550 m OM4 MMF respectively with respect to the soft-decision (SD)
FEC BER limit at 1.5 × 10−2. In [50], a record bit-rate distance product
of 107.6 Gbit/s·km was presented. It used an 850 nm SM VCSEL at 50
Gbit/s under 7%FEC threshold (BER< 3.8 × 10−3) through 2 km OM4
MMF. Earlier attempt of 100 G DMT include a close 100 Gbit/s DMT
transmission in [51] using 850 nm MM VCSEL over 100 m OM4, and a
successful 100 G transmission using a 850 nm SM VCSEL over 300 m
OM4 [52] reported from the same group. Other famous early work include
a 56 Gbit/s DMT over 100 m OM3 using 25 G class VCSEL [53].
Apart from DMT, another multi-subcarrier modulation, CAP, is re-
cently presented in the applications using vertical-cavity surface-emitting
lasers (VCSELs). The benchmark works include an attempt to 100 G per
lane transmission using 850 nm MM VCSEL over 100 m MMF [54]. It
is followed by a similar work with net 100 Gbit/s CAP using SM VCSEL
through MMF.
1.3.3 Multi-dimensional coded modulation
Multi-dimensional modulation (MD) formats have already been theoreti-
cally and experimentally investigated in coherent detection systems, e.g.
the four-dimensional (4-D) formats [55–62]. Besides, formats optimized
with D4 lattice can be equivalently obtained from the conventional PDM-
mQAM by applying a 4-D set partitioning scheme [63]. Eight-dimensional
(8-D) formats have also been investigated recently [64–66]. A higher di-
mensional one, binary 24-dimensional modulation format, is also discussed
in [67].
The pioneer theoretical works on the multi-dimensional (MD) mod-
ulation formats for IM-DD systems include the optimized constellations
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for single-subcarrier intensity-modulated (IM) transmission [68] and lat-
tice code [69]. Recently, MD coded modulation has been experimentally
validated in IM-DD systems. A two-dimensional (2-D) coded modulation
scheme with external modulators is discussed in [70]. A 4-D version was
reported in [71]. A 4-D trellis coded modulation (TCM) is experimentally
analyzed in [72] and [73].
In this thesis, we place emphasis on extending the application of the
MD modulation, or known as the MD formats in the IM-DD systems, with
both single carrier and multi-subcarrier modulation schemes.
1.4 Outline of this thesis
This thesis is the summary of a three-year Ph.D. research work, which
emphasizes the novel modulation schemes for current and future datacenter
interconnect, especially the so-called multi-dimensional modulation formats
used for the IM-DD systems.
In chapter 4, the multi-dimensional formats with the fixed spectral effi-
ciency are introduced subject to two different optimization principles. With
the cost function of minimum power, one 4-D format (D4TS-4) and one
eight-dimensional (8-D) format (E8TS-4) are proposed and investigated
numerically. Various benefits from different aspects are observed, including
the reach extension and enhanced thermal performance, compared with the
pulse amplitude modulation (PAM) signal. Meanwhile, with the cost func-
tion of minimum amplitude, together with the additional considerations on
the simplicity, a block-based 8-D format, i.e. BB8, is theoretically proposed
and experimentally investigated. The simplified mapping and de-mapping
algorithms are devised by taking the advantages of the geometric features of
the 8-D lattice. Two different types of the decision schemes are introduced
briefly. It shows that the new format possesses better BER performance in
cases of optical back-to-back (OBTB) and different types of MMF.
In chapter 5, a twenty-four-dimensional (24-D) PAM signal is designed
with the similar principle as its 8-D equivalence. It relies on the geometric
structure of the 24-D densest lattice, i.e. Λ24. The bit-stream based mod-
ulation and corresponding demodulation are elaborated. The performance
benefits are verified in a 100 G IM-DD link using an 850 nm SM VCSEL.
In chapter 6, we introduce a family of 8-D formats, which have a frac-
tional number of bits per symbol with steps of 0.125 bit. Such format family
is constructed by a serial of set bipartition on certain subsets of E8 lattice
grids. Based on the concise geometry, a uniformed bit-wise (de)modulation
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with the flexible bit transition is proposed, together with the hierarchical
decision schemes. A transceiver with net 100 Gbit/s equipped with the 8-D
rate-flexible format is demonstrated based on 850 nm VCSEL. The benefits
of such format family compared with its conventional PAM counterpart is
investigated. Following the 8-D rate-flexible format family, we extend such
possibility to the 24-D version, based on the 24-D lattice. It is applied in a
120-subcarrier CAP transmission in Chapter 8.
In chapter 7, we explore the potentials of the 8-D rate flexible format
family in a DMT transmission system. The finer granularity of the bit
adjustment enables a fast bit and power loading algorithm for the DMT
transmission. It offers the possibility for a flexible bandwidth resource
management. Besides, the intrinsic benefit of the 8-D lattice geometry is
converted into the performance enhancement in various aspects, e.g. the
reach extension, the enhanced tolerance for the insertion loss and thermal
degradation.
In chapter 8, another multi-subcarrier transmission system loaded by
the rate-flexible 24-D format is reported. The format is modified from
the rate-fixing format discussed in Chapter 5 and combined with a so-
called extending and re-mapping algorithm. By loading a 12-subcarrier
CAP transmission with such format, better transmission performances with
different aspects have been demonstrated.
In chapter 9, we introduce briefly two other link enhancement schemes
which are involved in the Ph.D. of past three years. One is so-called the
mode selective launching techniques. It excites the vortex modes with dif-
ferent topological charge number rather than the fundamental mode. Such
scheme brings better transmission performance and is reported with reach
extensions approaching the dispersion limits. The other scheme is the all-
optical compensations of the vortex modes after fiber propagation. Such











VCSEL based IM/DD Links
A typical intensity-modulated direct-detection (IM-DD) optical transport
module consists of:
• Transmitter, including transmitter optical sub-assembly (TOSA)
(incl. laser source and modulator), electric-optical interface (e.g.
laser driver, analog signal process circuit, e.g. feed-forward equal-
izer (FFE)1) and transmitter integrated circuit (IC).
• Data links, including the laser-link pigtails connecting the transmitter
and transmitting fiber.
• Receiver, including receiver optical subassembly (ROSA) (incl.
photodiode (PD), trans-impedance amplifier (TIA)), equalizers (e.g.
continuous time linear equalization (CTLE), decision feedback equal-
izer (DFE)2), clock and data recovery (CDR) and receiver IC.
The illustration of a typical optical transceiver is shown in Fig. 2.1.
In this chapter, We place emphasis on the principle and physics funda-
mentals of blocks, including vertical-cavity surface-emitting laser (VCSEL),
multi-mode fiber (MMF), receiver and connectors.
1Note we do not indicate amplifiers explicitly, as FFEs are normally realized with
amplifiers.




































































Figure 2.1: A typical VCSEL based 4-lane optical interconnect.
2.1 VCSEL
Compared with the edge emitting lasers, VCSELs have unique and deci-
sive advantages in the applications of optical interconnects. The merits of
VCSEL include:
• Lower threshold current and thus lower power consumption due to
the high current density from the small cavity volume;
• Higher differential efficiency slop due to the low internal and mirror
loss;
• Higher thermal stability due to the relatively lower frequency shift
resulting from the change of cavity length compared with the shift of
gain spectrum resulting from the change of the band gap energy of
active material [74];
• High speed direct modulations due to relatively low parasitics;
• Low cost due to cheap package, easy manufacturing and scalability
of mass production;
• Compatibility to MMF due to the spot size and shape. A circular
beam with small divergent angle rooting in the circular mesa and
oxide aperture design;
• Stable power and spectrum output due to the high stability from the
physical properties of the laser cavity [74];
• Near infrared and long wave solutions are available;
• High density of integration, e.g. VCSEL array.
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The structure of a typical VCSEL is shown in Fig. 2.2. Compared with the
edge-emitting lasers, VCSELs have a vertical cavity with the orientation of
output beam perpendicular to the laser surface and parallel to the current
direction.
VCSELs adopt p-i-n heterojunction or multi-quantum well (MQW) [75]
structure as the active layer and have a very short cavity with the thickness
around 1-3λ. The diameter of the oxide aperture is usually < µm. Thus,
the active layer of a VCSEL can be modeled as a thin plate, compared
with a strip waveguide liked active region in an edge-emitting laser with
dimensions typically ∼ 100 nm× ∼ µ× 100 µm.
A distributed Bragg reflector (DBR) structure are fabricated on both
sides of the active layer, known as top DBR and bottom DBR to form a op-
tical cavity offering optical feedback [74,76,77]. For obtaining low threshold
currents, the DBR is designed to have a high reflectivity, e.g. 99.9% for the
bottom DBR and 99.5% for the top DBR, by using a multi-layer structure
of thin films with alternative high and low refractive index. While on the
other hand, high reflectivity leads to a lower quantum efficiency, leading to
a lower output, which is seen as one of the drawbacks of VCSELs. Mean-
while, the DBR pair for a VCSEL is also conductive to perform the current
injection [74, 76–79]. For enhancing current density, specifically designed
carrier barriers are also deposited close to the active layer.
A oxide layer is fabricated to confine the carriers and photons, i.e. op-
tical modes, in the transverse direction and enhance the modulation effi-
ciency [74,76,77].
According to the structure, it is reasonable to treat the laser cavity as
a cylindrical step-index waveguide, where the photons are recombined in
a cylinder oxide-confined active region. The field output from the laser
can be numerically estimated from the solution of the Maxwell equations
with the standard cylindrical boundary conditions, i.e. waveguide. The
linearly polarized (LP) modes are linear combination of eigenmodes of the
field distribution in the cavity, which gives easier description of the field.
To enhance the bandwidth of VCSELs, the DBRs are designed to be
short enough to reduce the parasitics and increase the confinement factor Γ.
Typically, the cavity length of 3/2λ is adopted in the conventional design.
Due to the short cavity, the free spectral range is large. Thus, VCSELs are
usually longitudinally single-mode; whereas the aperture diameter of the
active layer is much larger than the wavelength, typically several times of
λ, for boosting the carrier-photon interactions and increasing the output
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Figure 2.2: The structure of a typical VCSEL.
power. Concretely, for 850 nm VCSEL with oxide aperture of diameter
∼ 10µm, the value can be 10. Thus, VCSELs usually show a transversally
multi-mode feature with a specific design, i.e. operational wavelength and
geometry of laser cavity. In other words, it accommodates more than one
eigenmodes, leading to an output light field of a linear combination of its
eigenbasis. It implies that to control the transversal modes, there are at
least two major ways, namely using longer wavelength, e.g. 1550 nm or
reducing the oxide aperture. Alternative methods to generating the single-
mode (SM) transversal mode include introducing the depletion layer for a
specific transversal mode, which will be discussed later.
For modes with the different order, the effective cavity lengths are differ-
ent. The resonance frequency for a specific transversal mode, therefore, is
different. This is observable from a serial of peaks in the optical spectrum.
The first VCSEL is proposed in 1988 [80]. GaInAsP/InP and Al-
GaAs/GaAs were the active material for VCSELs in the early development
stages, which support the wavelength from 750 nm to 980 nm. InGaAs has
been introduced in the long wavelength VCSEL, e.g. 1550 nm and 1310 nm,
in 1990’s [81]. The 850 nm VCSELs were then commercialized [82,83] and
deployed in the actual products. Today, the 850 nm VCSELs dominate












The basic principle of the rate equation formulating the behaviors of carriers
and photons in VCSELs is elaborated thoroughly in [76]. The concrete
VCSEL model, however, may differ according to the needs and the emphasis
of research. In [85], Gion Sialm classified the VCSEL model into 1-D, 2-
D, 3-D spatio-temporal models for the applications ranging from circuit
level, system level to component level. Here we briefly introduce the rate
equation used in the practical simulations for [86].
Rate equation
We use the following spatially dependent rate equation is a start point to

































in which, I is the spatially dependent injection current, N is the carrier
density within the actively layer of an effective volume V , S and Ψ are
the total photon number and normalized transverse mode profile, T is the
device temperature, G is the gain, Il is the thermal leakage current, ηi
is the current-injection efficiency, τn is the carrier lifetime, Leff is the
effective carrier diffusion length, and q is the elementary charge. β is the
spontaneous emission coupling coefficient and τp is the photon lifetime.
Note that the confinement factor Γ is implicitly included in Eq. 2.2 via the
volume integral. This general form includes the effects of carrier diffusion,
current leakage and spatial distribution of the related quantities. However,
even though this form is general enough, it is not realistic for the actual
simulation and analysis.
In practice, we first decompose the spatial dependence of the carriers.
Assuming that the VCSELs have cylindrical geometry, we can use a two-
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in which, σ1 is the first nonzero root of J1(x) and R is the active layer
effective radius. If without considering the spatial distribution of current,
i.e. I(r, t) = I(t) and linear gain, i.e. G(r, t) = G(t), we can obtain the
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G(T )[γ00(N0 −Nt(T ))− γ01N1]
1 + εS
S (2.6)
The spatial feature of gain are now summarized as the overlap coeffi-
cients γ00, γ01, φ100 and φ101, and the diffusive effects as hdiff = (σ1Leff/R)
2.
The temperature dependent gain constant G(T ) and the transparency num-
ber Nt(T ) describe the thermal effects. ε gives the gain saturation. The
leakage current Il is now the function of the N0, the average carrier number.
The photon number S is converted to an output power via the output-power
coupling coefficient kf as [85,87]:
Pout = kfS =
V
Γ
· hν · vg · αm · F1 · S (2.7)
in which vg ·αm is the energy loss rate of the mirrors; F1 is the ratio of the
power emitted at the top facet of the VCSEL.
The thermal effects are characterized by the temperature dependent
gain G(T ) and transparency number Nt(T ). It can be modeled and char-
acterized with empirical rational function as Eq. 2.8-Eq. 2.9 [87]:
G(T ) =
ag0 + ag1T + ag2T
2
bg0 + bg1T + bg2T 2
(2.8)
Nt(T ) = Ntr(cn0 + cn1T + cn2T
2) (2.9)
where ag0, ag1, ag2, bg0, bg1, bg2, cn0, cn1, cn2 are the empirical parameters.
Phase rate equation
The rate equation of the optical phase is included in the mode, according






G(T )[γ00(N0 −Nth)− γ01N1]
1 + εS
(2.10)
where, φ is the optical phase, α is the linewidth enhancement factor, Nth
is the room-temperature threshold carrier number.
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The temperature dependent carrier leakage is characterized by the empirical
equation as [89]:
Il(N0, T ) = Il0 · exp




where, Il0 is the leakage current factor. a0, a1, a2, a3 are the empirical
parameters.
Temperature rate equation
According to [87,90], a device temperature equation of the dissipate heat is
included. Heat generation is assumed to arise from any power not dissipated
as part of the optical power as [87,90]:
T = T0 + (ItotV − Pout) ·Rth − τthdT
dt
(2.12)
where T0 is the ambient temperature, Itot is the total current through the
VCSEL, including the current through the intrinsic parasitic shunting ca-
pacitance Cp, Rth is the device thermal impedance, and τth is the thermal
time constant.
Note that the above rate equations rely on the empirical parameters,
which should be extracted from the experimental measurements. Espe-
cially, for the thermal empirical parameters, it might be more problematic,
as the actual temperature value inside the active layer cannot be directly
measured. In addition, here we implicitly assume that only one mode is
considered. For a more rigorous analysis, photons from different transversal
modes need to be differentiated with separated equations, as the confine-
ment factor Γ and the photon lifetime τp are different for the corresponding
transversal modes.
Besides, the polarization effects, the interactions between different modes
and relative intensity noise (RIN), known as mode partition noise (MPN)
effect, are beyond the scope of this thesis.
2.1.3 VCSEL characterization
For characterizing VCSELs, the typical measurements necessary for ex-
tracting critical system parameters, including the direct current (DC) light-
current-voltage (L-I-V) determination under different ambient tempera-
tures, the small signal frequency response, i.e. S-parameters (typically S11
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and S21), large signal, optical spectrum, RIN spectrum. In the following, we
discuss the typical parameter extractions with these measurements. Note
that the real laser modeling that the complexity of parameters extractions
are far beyond the following descriptions and, also, beyond the scope of
this thesis.
Static L-I relation
For understanding and predicting the modulation features, the L-I-V curve
is measured. It reveals the information, including the maximum optical
output power, the threshold current value I0, the slope efficiency of the
linear regime, input impedance and rollover region. The temperature vari-
ation of the L-I-V curves reflects the thermal impact of a specific VCSEL.
With the increase of the temperature, the linear modulation regime of a
VCSEL shrinks, meaning that the modulation amplitude with the same





(I − Ith) (2.13)
in which Popt is the output optical power; η is the quantum efficiency; hν is
the photon energy; q is the elementary charge; Ith is the threshold current.
Small signal frequency response
The small signal frequency response curve, known as S21 curve, is used for
understanding the high-speed signal generation. It is one of the important
parameters to predict the performance of a VCSEL at a specific bit-rate. -3
dB f−3dB and -6 dB f−6dB bandwidths are two criteria for estimating the
performance. The curve needs to be flat and smooth. Overshoots on S21
generate spikes of the signal pulse, adding distortion. Such distortion will
affect the eye quality. S21 curves changes with the bias current Ibias. The
large the Ibias reaches, the flatter the S21 become. It is because that the
resonances of VCSELs are proportional to the bias current and inversely
proportional to the carrier and photon lifetime in the cavity. While the
increase of Ibias will, in turn, constrain the useful linear modulation regime.
Even though the S21 is dependent on the parasitics of VCSEL as well
as the external circuits, we can expect a simply two-polar relation between
the drive current and output power in the active layer, which behaves as
a second-order damping system [85]. It is expressed with the modulation
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transfer function (MTF) H(ω) as following:
H(ω) =
ωr
ω2r − ω2 + jγω
(2.14)
where H(ω) is the MTF; γ is the damping factor; ωr is the relaxation
oscillation frequency, i.e. ωr = 2pi · fr. fr is proportional to
√
(I − Ith):
fr = D ·
√
(I − Ith) (2.15)
where D denotes the damping. A higher value D implies a lower operation
bias current to achieve the same frequency, meaning a higher modulation
efficiency. The damping factor γ meets the following relation [91]:




in which K is the gain compression factor. It suppresses the relaxation os-
cillation peak. For a small K value, the signal might experience a significant
overshoot.
S11 is another useful S parameter measurement. It gives deep infor-
mation on the electrical feature, from which the impedance of the laser
varying with the frequency can be extracted. It is crucial for estimating
the parasitics of the laser chip and further the design of the opto-electrical
interface. For IC designers, a well-rounded model of chip, which describes
the electrical behavior is more essential.
Optical spectrum
From the optical spectrum structure, e.g. linewidth for each mode and
modes spacing, the laser features, especially the cavity feature can be de-
ferred. Optical spectrum with and without modulated signal is an indicator
showing the stability of the transmission condition. The relative intensity
of the spectral peaks of different modes gives the information on the modes
excitation and competition. And the shift of the spectral peak while the
temperature varying implies the feature of the active layer and estimate the
thermal stability of the laser. It can be also used to calibrate the difference
between the core temperature and the ambient temperature.
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Relative intensity noise
RIN describes the intensity fluctuations with respect to a desired constant









(f2r − f2)2 + ( γ2pi )2f2
(2.18)
The other useful characterizations include the higher order harmonics
analysis, polarization state analysis, near-field and far-field mode profiles
and etc. Limited by space, they are not explained in detail.
It is worth of mentioning that the typical VCSEL characterizations give
the general understanding of a laser chip. While it not sufficient for a more
comprehensive design together with the laser drive. And some important
feature of lasers can not be directly extracted from the above-mentioned
measurements. Concretely, the static L-I-V curve describes only the power-
current relations for DC condition. It is not reasonable to determine the
actual radio frequency (RF) signal range.
Moreover, the S-parameter measurement normally based on the small
signal response. However, it is not enough to give a deeper understanding
of the frequency responses when the input amplitude is large, for that the
laser is nonlinear. Therefore, more rigorously, the higher order harmonics
should be measured within the electrical domain. And simply using vector
network analyzer (VNA) is not sufficient, as the output signal of VNA will
be filtered by a narrow bandwidth filter internally.
Further, a deeper understanding of the temperature should be placed
under attention. The reason is two-fold. First, the core temperature of the
laser active layer is not the same as the ambient temperature, even though
they have certain dependencies. Second, the definition of temperature in-
side the active layer is unclear when the RF modulation has large ampli-
tudes. The interaction between carriers and the lattice and the thermal
carrier effects change the exact definition of the temperature, and therefore
change the system parameter extractions of the laser behavior.
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Figure 2.3: An 850 nm SM-VCSEL: the lateral leakage of (a) fundamental mode and
(b) the higher order modes; The optical spectrum of the 850 nm SM VCSEL [92].
2.1.4 850 nm SM VCSEL
As mentioned in Section 2.1.1, to control the transversal modes, we can
either increase the laser operation wavelength or use a smaller size of the
aperture. However, both of them have major drawbacks: increasing the
wavelength implies the change of laser structure and even the gain mate-
rial; whereas shrinking the oxide aperture reduces the maximum optical
output power, which is critical for the application of data transport. An
alternative mode controlling techniques has been developed using two se-
lectively oxidized aperture layers to produce a high lateral leakage of the
high-order transverse modes of the vertical cavity [92,93].
In Fig. 2.3.(a) and (b), the leakage effects with the numerical results can
be clearly observed [92]. The optical spectrum of such laser is also shown
in Fig. 2.3.(c) [93]. Such SM 850 nm VCSEL has been used for some of the
experiments mentioned in this thesis.
2.2 Multi-mode fiber
For inter-mega-datacenter optical interconnects, both MMF and single-
mode fiber (SMF) are used according to the concrete application, e.g.
transmitting distances. In this section, the features of MMF are intro-
duced. For more details of standard single-mode-fiber (SSMF), readers can
refer to [94].
For conventional MMF, whose core diameter is round 50 µm, which is
much larger than SSMF, it is more tolerant to the imperfect coupling and
i
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easier for the laser-fiber coupling. The typical numerical aperture of MMF
ranges from 0.2 to 0.3.
The light field propagating in the MMF can be derived from the solution
of the scalar-wave equation under weakly guiding assumption in order to
calculate the LP modes with their respective propagation constants from
















Fl,m(r) = 0 (2.19)
The x- and y- electric field components of the LP modes are then expressed































By doing this, the field is separated into independent radial and azimuthal
components. l is the azimuthal index number. An arbitrary spatial field





It is important that the above relation is only valid when the fiber modes
form a complete basis. The modes in fiber are guided modes and unguided
modes, including radiation modes and leaky modes. It is more accurate to











j (r, φ) (2.23)
The coupling coefficient ci between the input spatial field and each of the








i (r, φ)rdrdφ (2.24)
It is clear that |ci|2 determines the proportion of the power coupled
into a specific fiber mode. The signal transmitted in MMF is simulated
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then by n time-domain identical signals with different spatial fiber modes
attached, scaled by their respective coupling coefficients. It is expressed as
in Eq. 2.25.





A typical OM3/OM4 fiber has a similar form as the following equation,
with the core diameter a=50 µm, cladding diameter 125 µm and α ≈ 2 and
the core-cladding index difference δ within the range 0.200 ± 0.015. The





(1− 2∆ ( ra)α) for r ≤ a
n0
√
(1− 2∆) for r ≥ a
(2.26)





which n1 is the peak index at the fiber center, n2 is the refractive index in
the cladding, r is the radial distance form the fiber axis, a is the radius of
the fiber core.
The waveguide with such refractive index profile accommodates hun-
dreds of modes. Each mode has it own group velocity, chromatic disper-
sion, attenuation, and bending losses. The way of coupling light into MMF
is critical, known as the launch condition.
LPl,m modes with the same principle mode number 2m + l − 1 show
the same effective index, and share the same group velocity, known as the
mode delay group, except for the highest order mode groups, which are
disturbed by the non-optimal core-cladding interface [95]. The probability
of mode coupling between modes in the same group are higher than ones
in different group. Yet, modes in different delay group are the main reason
for the inter-modal dispersion.
2.2.2 Differential mode delay
Different fiber modes have different propagation speeds. It leads to the dif-
ferent arrival time of signal in different mode group, known as the differential
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mode delay (DMD), equivalently known as inter-modal dispersion. It is
regarded as the main reason of the pulse broadening and the signal inter-
symbol interference (ISI) through MMF, also the source of bandwidth lim-
itation. It is worth noting that the degenerated modes have the same
propagation speed. The effective index is proportional to the propagation





where k0 it the free-space wave number (2pi/λ0) and βi is the modal propa-
gation constant. The delay of the mode τi is proportional to the propagation










Therefore, the output signal is the superposition of fiber modes with the
same waveform with a delay τi, which is expressed as [95]:
Eout(r, φ, t) =
n∑
i=1
(ciEin(t− τi))Ei(r, φ) · ejβiz (2.30)
The time delay can be calculated by differentiating the effective index or









The standard full characterization of the modal bandwidth used by
fiber manufacturers is the DMD measurement. It consists in measuring the
pulse response of an MMF for the single-mode launches scanned across its
core radius. The measurements of DMD provides an accurate cartography
figure the modal dispersion of an MMF, called the DMD plot. DMD values
and effective modal bandwidth (EMB) of OM3/OM4 fiber can be derived
from such plot.
2.2.3 Differential mode attenuation
The fiber modes will experience differential mode attenuation and have
different power output after propagating over the fiber. It is expressed
as [95]:
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in which α is the profile alpha parameter, ∆ is the profile delta, Iρ is the
ρth-order modified Bessel function of the first kind, and η is a scaling factor.
2.2.4 Parabolic configuration
MMF with parabolic index profile is designed to reduce the DMD. The
modes and propagation constants can be represented analytically and
achieved numerically. The analytical field solutions in the core are de-
scribed as [96–102]:














The field solutions in the cladding are then given as:









The propagation constant βl,m is approximated as:
βl,m = k0n1
√





The corresponding group velocities are expressed in Eq. 2.36, so that the
















A well designed grade index fiber can have much better performance
than the step-index fiber [103]. OM3 and OM4 fiber are the cases with
optimal design of the index profile to enhance the performance cooperating
with 850 nm multi-mode (MM) VCSEL.
2.2.5 Delay due to chromatic dispersion
For chromatic dispersion in general, we can summary the effect on the
signal as the follow Eq. 2.37
τ = DLδλ (2.37)
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in which τ is the time delay, or known as the pulse broadening, resulting
from the chromatic dispersion; D is the chromatic dispersion coefficient
(ps/(km· nm)); L is the fiber length; and δλ is the difference on the wave-
length. The chromatic dispersion is dependent on the waveguide material,
which is similar in both MMF and SSMF. The dispersion coefficient is
wavelength dependent, with typical value as 17 ps/(km· nm) for 1550 nm,
0 ps/(km· nm) for 1300 nm and -105 ps/(km· nm) for 850 nm. Compared
with the modal dispersion, the chromatic dispersion in MMF is relatively
small. Thus, for most of the cases in the practical research and in this
thesis, we ignore the impact from the chromatic dispersions.
2.2.6 Loss in fiber
The propagation of optical signals in the actual fiber is always lossy, which
is described by the Beer’s law as Eq. 2.38.
Pout = Pine
−αLL (2.38)
in which Pin and Pout are the optical power of input and output signal
for a piece of fiber; αL is the attenuation coefficient (dB/km); and L is
the length of fiber. The attenuation coefficient αL depends on the mate-
rial, wavelength, fiber geometry and etc. The typical values for different
wavelength include: 0.2 dB/km for 1550 nm, 0.37 dB/km for 1300 nm
and 2.89 dB/km for 850 nm. The practical value for standard MMF, i.e.
OM3/OM4 fiber, reaches 3.5 dB/km [104].
2.2.7 Bandwidth of MMF
The bandwidth of the MMF is limited by its group-velocity spreading and
the launching conditions. EMB is an effective metric describing the capacity
of MMF in presence of inter-modal dispersion [105]. It is defined as the
product of the maximum achievable data rate and the transmitting distance
with a unit of MHz·km.
For characterizing the EMB of MMFs, TIA regulates a method in TIA
FO 4.2.1 [106]. It is characterized by measuring the DMD with single pulses
and plotting DMD v.s. radial position of the input light beam on the fiber
surface.
Effective bandwidth (EB) takes into account both inter-modal and chro-
matic dispersion [107] and is proven better than EMB [108]. Similar to
EMB, it uses the unit of MHz·km.
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Another metric for describing the bandwidth of MMF is to measure the
DMD under the launch condition, so-called over-filled launching (OFL),
where the input light beam covers the whole core region. The bandwidth
measured is known as OFL bandwidth. Such methods are widely used for
light-emitting diode (LED) based data links.
2.2.8 OM3 and OM4 MMF
By using a specific design with the 850 nm MM VCSEL, the performance
of MMF, e.g. OM3 and OM4, can be improved for the applications of
datacenter optical interconnects. The typical effective bandwidth (EB)
of OM3 fiber reaches 2 GHz·km and OFL of 2 GHz·km [104] for light
wavelength ranging 780 nm-920 nm, with loss of 3.5 dB/km and 50 µm
core diameter; whereas the EB for OM4 reaches 4.7 GHz·km and OFL of
3.5 GHz·km [109] with light wavelength centering at 850 nm.
OM5 MMF, regulated in ANSI/TIA-492AAAE, is newly standardized
by TIA [110], known as wideband MMF. It is another case of specific opti-
mal design on MMF, which aims to improving the performance of shortwave
division multiplexing (SWDM) products, where carriers with a wide wave-
length range e.g. >900 nm, will be used. More details of wideband MMF
refer to [111–114].
2.3 VCSEL-to-MMF coupling
Light output from VCSEL propagates in free space before coupled into
fiber. Unlike the field distribution inside the waveguide, the light beam
transmitted in free space is described as a superposition of Laguerre-Gaussian
(LG) modes. The LG modes are mathematically described in Eq. 2.39-
Eq. 2.43.
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To describe the light field propagating in free-space, we decompose the
VCSEL modes into the LG modes as Eq. 2.44:
EFl,p(r, θ, z) =
M∑
m=0
al,mLGl,m(r, θ, z, w0) (2.44)
in which, al,m are results of the scalar products between VCSEL modes and
the LG modes of the interest defined over the VCSEL output surface [95].
From laser output EFl,p(r, θ, z) to the fiber ends E
′F
l,p(r, θ, z), the field is
characterized rigorously by the diffraction theory.
To understand the light coupling into MMF, we expand the field distri-
bution at the fiber end E′Fl,p(r, θ, z) onto the orthogonal basis of the full set
of the MMF guided modes [95]. The coupling efficiency of each fiber modes
can be obtained by the overlap integrals between the incident field and the
guided modes of MMF [115]. The encircled flux (EF) function calculates







|E(r, θ)|2 dθrdr (2.45)
As mentioned in [95], the IEEE 802.3 standards recommend for the source
less than 30% EF at 4-5 µm and more than 86% EF at 19 µm.
2.4 ROSA
A typical receiver consists of a photodiode and a TIA as pre-amplifier. The
photodetector converts optical signal to photocurrent, which then passes
through the TIA, converted into a voltage. The signal is finally amplified
by a post-amplifier combined with a baseband filter. The noise feature is
one of the critical considerations
A photodiode is a semiconductor component for detecting the optical
signal and convert the signal from the optical domain to the electrical do-
main. It generates electrons by absorbing the photons. The photocurrent
is generated following:
Iopt = <Pin (2.46)
in which, Iopt is the photocurrent, Pin is the input power and R is the














in which, e is the electron charge, λ is the wavelength of the incident light,
h is the Planck’s constant, and c is the speed of light. The responsivity
has a unit of A/W . Quantum efficiency measures the percentage of the
incident photons that are converted to electrons. The relation between η
and the thickness W of the absorption layer of PD is expressed as:
η = (1−Rf )
(
1− e−αW ) (2.48)
where α is the absorption coefficient, and Rf is the reflectivity of the pho-
tosensitive area. This relation implies a critical trade-off during the design
of PD, namely the side of PD chip and bandwidth.
The responsivity is the critical parameter describing the conversion of
the incident optical power into voltage. For increasing the responsivity of
a PD, we can increase the quantum efficiency by enlarging the thickness
of PD. Yet, larger chips have higher parasitic effects, which reduces the
effective bandwidth. Therefore, for the high-speed photoreciver, PD chips
with small size are usually adopted, which also become one of the major
limiting factors for Si or Ge PD used in the 850 nm region.
The typical material for the high-speed photodiode including GaAs,
InGaAs, Si, Ge and InP. According to the bandgaps, the responsivity of
each material changes with the corresponding wavelength. In the region
of 850 nm, GaAs have a relatively high responsivity. It is one of the main
reasons why GaAs is widely used in the current generation of the short
reach data links. GaAs is also a factor behind the low cost of 850 nm
system, as GaAs is cheaper than InGaAs, which uses more expensive and
strategically constrained rare-earth materials.
2.4.1 Frequency response
A photodiode has a frequency response, which filters the photocurrent gen-

























where, τe = L/νe is the electron transit time and τh = L/νh is the hole
transit time. Cp is the parasitic capacitance of the PD, Rd is the load
resistance, Rs is the series resistance.
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2.4.2 Noise features
The noise model of PD include spontaneous emission noise, short noise,
dark current noise and RIN. The noise of circuit is also included. It can





























Spontaneous emission noise effects include signal-spontaneous (sig-spon)
and spontaneous-spontaneous (spon-spon) beat noise arise from the action
of the square law detection mixing the deterministic signal and random
noise. Considering the optical field is analytically decomposed into two
parts, i.e. signal and noise, as:
E(t) = Es(t) + En(t) (2.51)
The photocurrent is then generated as:
Iph = < |Es(t) + En(t)|2 = <
(
|Es(t)|2 + 2 |Es(t)En(t)|+ |En(t)|2
)
(2.52)
The spontaneous emission noise is modeled as a stochastic time series added
to the sampled optical signal. The variance of the signal-spontaneous
amplified spontaneous emission (ASE) beat noise is modeled in the litera-
ture essentially by multiplying the spontaneous emission at every frequency








in which fstart and fend represent the beginning and end frequencies of the
ASE noise spectrum. The variance of the spontaneous-spontaneous ASE










Noise of other types is described by the variances of each effect and























in which, ξi is a Gaussian random variable of zero mean and unit variance.
It is reasonable to choose an effective bandwidth for the noise, for the noise
is assumed to be white noise. The one-side bandwidth is Beff = 1/(2δt,
where δ is the sampling rate. The noise variance is expressed with the








Shot noise derives from the random distribution in arrival times of the




Dark current noise is short noise associated with leakage currents in
the active region of the photodetector which flow even in the absence of





The dark current is time-independent. For PIN, the factors F and M are
unity. For APD, M is the multiple gain factor and F = kM + (1− k)(2−
1/M) is an excess noise factor associated with the ratio k = α/β of the
electron and hole ionization coefficients.




in which, NRIN is the RIN parameter specified in the source model.
Circuit noise describes the thermal contribution of the feedback resistor
in the transimpedance amplifier and the thermal channel noise in the pre-















where k is the Boltzmann’s constant, T is the temperature, Rf is the am-
plifier feedback resistance, gm is the transconductance of the pre-amplifier






















The construction of the multi-dimensional (MD) signal space is equiva-
lent to find an orthogonal basis which consists of the degree of freedom
provided by different physical quantities. These quantities should exist in-
dependently or be able to express the orthogonal relations, from where the
virtual independence can be extracted. For systems with different realiza-
tions, the independent quantities may differ. Orthogonal basis is adopted
both naturally and artificially. Concretely, for a single carrier single lane co-
herent system, four natural degrees of freedom as a four-dimensional (4-D)
orthogonal basis can be naturally found in different components of the elec-
tromagnetic fields, namely the in-phase (I) and quadrature (Q) components
existing in both polarizations, i.e. x- and y-polarization. For the multi-
carrier systems, e.g. wavelength division multiplexing (WDM) systems,
carriers with different wavelength is then the natural degree of freedom.
Similarly, the sub-carrier on one optical carrier can also act as independent
channels [68]. In the spatial division multiplexing (SDM) systems, degrees
of freedom can be found in different modes of multi-mode fiber (MMF) or
few mode fiber (FMF) [117–121] or signal in different cores of multi-core
fiber (MCF) [122–124]. These modes are orthogonal ideally, if the modes
coupling effects are not taken into account.
For a single-wavelength single-lane intensity-modulated direct-detection
(IM-DD) system, however, is naturally one-dimensional, for that the only
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amplitude of each pulse, i.e. symbol. However, a virtual degree of freedom
is found between different temporally adjacent time-slots, which forms the
orthogonal basis, provided the inter-symbol interference (ISI) is negligible.
Alternatively, an orthogonal basis can be found in parallel optical channels,
like separated fiber lanes for the 4-lane quad small form-factor pluggable
(QSFP) or 8-lane octal small form-factor pluggable (OSFP) transceivers.
Such channels are inherently multi-dimensional.
An n-element orthogonal basis spans an n-dimensional signal space.
The signal space can be constructed by homogeneous degrees of freedom.
For example, the single carrier coherent channel is inherently 4-D, consid-
ering four homogeneous orthogonal basis, e.g. Ix, Iy, Qx, and Qy.
However, the MD space can be also constructed with heterogeneous ba-
sis which combining different types of physical quantities, i.e. hybrid basis.
For example, an eight-dimensional (8-D) signal space can be constructed
by using all four components on two carriers. All the eight components
are mutually independent, which form a hybrid 8-D orthogonal basis. Such
techniques have been adopted and investigated in [64, 67, 119, 125–128] to
increase the dimensionality of the signal space.
For a IM-DD system, by combining every n regular symbols into a se-
quence of super symbols, we can artificially construct an n-dimensional
signal space. Further, IM-DD links using 4λ shortwave division multiplex-
ing (SWDM) over 4-lane parallel channels are sixteen-dimensional.
In this thesis, we construct the n-dimensional signal space using var-
ious types of the degrees of freedom. For the single carrier MD pulse
amplitude modulation (PAM), we treat the individual time slots as the
degree of freedom. By combining n temporally adjacent symbols in a sin-
gle channel, an n-dimensional signal space can be constructed. It is also
an emulation of the independent channel for the physically parallel lanes.
Later, we apply the MD constellations in the multi-subcarrier systems. In
such a system, the construction of MD signal space is mainly based on
the so-called inter-symbol super-channel and intra-symbol super-channel.
The former one combines multiple subcarrier channels in different multi-
subcarrier symbols, usually adjacent ones, into one MD super-channel, or
MD super-symbol. Normally, we use the symbol from the subcarrier with
the same frequency. The reason is that the channel condition keeps simi-
lar, especially for the colorful physical channels. For the later construction












A lattice L is a subset of Rn which is isomorphic to Zn. Concretely, it





aivi | ai ∈ Z
}
(3.1)
in which vi is a basis vector.
Lattices have specific symmetry or known as the invariance under spe-
cific operation, e.g. translation, rotation and reflection. In crystallography,
a specific symmetry can be described as a certain group. Group is the set
of elements E and operation, denoted as ◦, when the following requirements
are satisfied [66]:
• Closure ∀la, lb ∈ E , la ◦ lb ∈ E ;
• Associativity ∀la, lb, lc ∈ E , (la ◦ lb) ◦ lc = la ◦ (lb ◦ lc);
• Identity ∀la ∈ E , ∃ l0 ∈ E , st. l0 ◦ la = l0 ◦ la = la;
• Inevitability ∀la ∈ E , ∃ I′a ∈ E , st. la ◦ l′a = l0.
The constellation designed in this thesis rely on the lattice structure in
MD space, especially the densest lattice in the corresponding dimension.
The densest lattice for two-dimensional (2-D), three-dimensional (3-D) and
4-D have been found since long. But the rigorous mathematic proofs of the
densest lattice even for 3-D space has just been achieved at the end of last
century [129]. And until recently, 8-D and twenty-four-dimensional (24-D)
signal space are achieved by Maryna Viazovska [130] and by Henry Cohn
and et al. in 2016 [131] respectively.
Two-dimensional
The densest lattice in 2-D is the hexagonal lattice known as honeycomb,
or mathematically A2, as shown in Fig. 3.2.(a). It can be expressed as
the group D12, which means it is the combination of group C2 and S3,
which indicate symmetries of translation in two directions and rotation
of angles. Z2 is, however, the simplest lattice in 2-D, which has a cubic
1In the rest of this thesis, we reserve L as a notation for the set of the whole lattice










40 Hyperspace, Lattice and Modulation Formats
Figure 3.1: Typical 2-dimensional lattices. (a) A2 lattice; (b) Z2 lattice; (c) D2 lattice.
configuration as shown in Fig. 3.2.(b). It is noteworthy that the normal
quadrature amplitude modulation (QAM) formats are the subsets of Z2
lattice. Another lattice worth mentioning is the D2, which is nothing but
a A2 rotated by pi/4 and scaled by a factor of
√
2, shown as Fig. 3.2.(c).
A Z2 can be divided into two independent subsets of D2. It is expressed
formally as:
LZ2 = LD2 ∪ L⊥D2 (3.2)
in which L⊥D2 is the coset of LD2
2. From that we can further divide a D2
into two A2 independent subsets as:
LD2 = LZ2 ∪ L⊥Z2 (3.3)
Three-dimensional
The densest lattice of 3-D space is known as lattice A3 or D3. D3 is known
as the face-centered cubic (f.c.c.) lattice. And as the 2-D case, Z3 is the
cubic lattice, or known as simple cubic in crystallography. The formats
follows the 3-D lattice is reported in the subcarrier modulation for IM-DD
systems [132].
Four-dimensional
Typical 4-D lattices include the simple hypercubic structure lattice A4 and
the densest lattice D4.











Figure 3.2: Illustration of lattice partition with the help of 3-D analogy. (a) D∗3 lattice;
(b) Z3∪Z⊥3 lattice. Note that D∗3 is the formal mathematic notation of the body centered
cubic lattice.
Z4 is the simple hypercubic structure, where the coordinators are chosen
arbitrarily from Z4. The typical formats belong to the Z4 are the well-
known polarization-division-multiplexing QAMs, e.g. PDM-QPSK and
PDM-16QAM.
The densest lattice in 4-D space is known as D4 or W (F4) with the




(xi) ∈ Z4 :
∑
i
xi ≡ 0 (mod2)
}
(3.4)
The lattice can be also constructed by the generation matrix [134]:
G˜D4 =

1 0 0 0
0 1 0 0
0 0 1 0
1/2 1/2 1/2 1/2
 (3.5)
where a D4 lattice set can be constructed as:
LD4 = G˜D4 · ξ (3.6)
where ξ = [ ξ0 · · · ξi · · · ξ3 ]T, ξi ∈ Z.
The typical formats rooting in D4 lattice include polarization switching
quadrature phase shift keying (PS-QPSK) and polarization division multi-
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As the rules of division on the 2-D lattice, the 4-D lattices have similar
features. Concretely, D4 can be divided into two independent subsets,
which belong to Z4, as formally expressed as:
LD4 = LZ4 ∪ L⊥Z4 (3.7)
in which L⊥Z4 is the coset of LZ4 . Similarly, it can be further divided as:
LZ4 = LD4 ∪ L⊥D4 (3.8)
Such hierarchical partitioning is reflected in the construction of the set-
partitioning formats [60]. It also offers deeper understanding of the formats,
which is originally designed from a more physical perspective. For instance,
H. Bu¨low proposed a format so-called POLQAM from the perspective of
manipulations of the polarization states [58]. The format is actually bonded
on the D4 lattice and can be separated into two formats which are con-
structed in the Z4 lattice. These two are now known as a polarization
division multiplexing quadrature phase shift keying (PDM-QPSK) and a
PS-QPSK, both of which root in the Z4 lattice. We will elaborate these in
detail in the later chapters.
Eight-dimensional




(xi) ∈ Z8 ∪ (Z+ 1/2)8 :
∑
i
xi ≡ 0 (mod2)
}
(3.9)




2 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0
0 −1 1 0 0 0 0 0
0 0 −1 1 0 0 0 0
0 0 0 −1 1 0 0 0
0 0 0 0 −1 1 0 0
0 0 0 0 0 −1 1 0
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E8 lattice is the start point and foundation of the 8-D formats to be dis-
cussed in this thesis. We will elaborate more details on the geometric
structure of E8 lattice in later chapters.
Twenty-four-dimensional
The densest lattice for the 24-D space is known as the Leech lattice, which
is an even unimodular lattice, Λ24. The Leech lattice is closely related to
the (24,12) extended Golay code. There are various ways of constructing
the Leech lattice. Here we just quote the expression given by [137]. A more
formal expression will be given in Chapter 5 when we discuss the Leech
lattice based 24-D PAM.
“The Leech lattice can be explicitly constructed as the set of vectors of
the form 2−3/2[ c0 a1 · · · c23]T where ∀ci ∈ Z are integers such that
c0 + c1 + · · ·+ c23 ≡ 4c0 ≡ 4c1 ≡ · · · ≡ 4c23 (mod 8) (3.11)
and for each fixed residue class modulo 4, the 24 bit word, whose 1s cor-
respond to the coordinates i such that ci belongs to this residue class, is a
word in the binary Golay code.”
3.3 Multi-dimensional formats
3.3.1 Notation and formalization of multi-dimensional
formats
Let us consider, without loss of generality, a L-element set of n-
dimensional vectors3, denoted as C. It can be expressed as C =
{C0, C1, · · · , Cl, · · · , CL−1 }, where L is the scale of the constellation,
e.g. L = 4 for PAM, L = 256 for D4TS-4 and L = 65536 for E8TS-4 and
BB8, which will be mentioned in next chapter, with each n-dimensional real
vector Cl ∈ Rn, Cl = [ c0l c1l · · · cil · · · cn−1l ]T, cil ∈ χ. χ is the alphabet
of each regular symbol, i.e. the set of the possible amplitude level, e.g. for
pulse amplitude modulation with 4 levels (PAM-4), χ = { 0, 1, 2, 3 }. We
denote Lχ as the length of χ.
The Euclidean distance, or Euclidean norm, between the constellation
points is defined as dl,l′ = ‖Cl −Cl′‖, the minimum value of which ∀l, l′ ∈
3If without specifically indicating, we use C as the notation of certain constellation
set in the rest of this thesis. If there is superscript m, like Cm, it indicates the number
of bit carried by per super-symbol.
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We denote dmin as the minimum mutual Euclidean distance (MMED) [55].
As dmin determines the overlapping region of the noise expansion, which
is the source of error bits during the transmission, it is essential for es-
timating the performance of the constellation, and some other metrics of
constellations are based on this value.
We need also to define the average energy per symbol, Es. There are
two different definition of Es [138].






in which, Cl ∈ C is one constellation in the constellation set C.
Peak symbol energy is defined with the maximum amplitude, as:
max ‖Cl ‖2 (3.14)
Peak symbol energy is more natural for formats used in IM-DD systems.
However, for keeping the consistency with the convention, we adopt the
former definition through the whole thesis.
Based on Es, we can also define the average energy per bit, Eb, which
is defined as:
Eb = Es/log2L (3.15)
3.3.2 Sphere packing
As mentioned above, the bit error rate (BER) performance, or more pre-
cisely the symbol-to-noise ratio (SER) performance of a certain constella-
tion is determined by the dmin. If assuming that the noise distribution
follows the additive white Gaussian noise (AWGN), we can visualize the
impact of noise as the n-dimensional hypersphere expending from the con-
stellation points. The design of a constellation in the MD space, therefore,
is actually equivalent to the sphere packing problem defined in the hyper-
space [134].
The sphere packing problem can be solved by searching the optimal
configuration of the constellation set with the help of computers, as the case
4We keep the consistency of the notation in the following chapter. See more details
of the notation in the following chapter.
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of 3-D space [139] and the case of 4-D space [140]. The desired constellation
can be constructed based on the database of the cluster. Such computer-
based greedy searching algorithm works well for the constellations of small
scales, i.e. fair number of constellation points. However, with the increase
of dimensionality, i.e. n and the number of elements in the constellation
set, i.e. L, such searching algorithm becomes unrealistic. It is discussed
in [55, 134, 139–142]. Additionally, the cluster based algorithm normally
offers irregular constellations. This will impose the complexity of the actual
realization and the bit-to-symbol mapping. An inappropriate bit-mapping
will spoil the benefits earned from the careful design of the constellation.
Apart from the cluster based algorithm, the densest lattice structure
can help the design when the number of constellation set is large. Such an
algorithm is sometimes also known as the lattice packing. For a concrete
example, H. Bu¨low and et al. reported in 2014 an optimized 4-D with
an equivalent spectral efficiency (SE) with PDM-16QAM using the lattice
packing based on the densest lattice D4 [59]. One major merit of lattice
packing based constellations is the symmetry inherited from the lattice,
which is reflected as the concise structure on each dimension as the reduced
number of amplitude levels and more evenly distributed levels; or simpler
structure for 2-D projections. Meanwhile, extra operations on a certain
constellation set can create simpler structures without changing the internal
structure. One appropriate instance follows the work mentioned above,
in [143], T. Eriksson and et al. applied extra operations like 4-D rotations
on the initial obtained constellation set and achieved a more symmetric
constellation.
The above-mentioned constellation design is based on a Gaussian noise
assumption. However, in many cases or even with an insight into a concrete
case where the AWGN seems well enough, it does not always follow the fact.
However, in this thesis, we assume such noise assumption is applicable in
most of the scenarios.
3.3.3 Formalization of the optimization problem
In this section, we introduce the general formalization of the constellation
optimization problem, namely finding the optimal constellation, with the
cost function of minimum power or minimum amplitude. A comprehensive
optimization of the constellation with the cost of power is formalized as
i
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cil + β · Lχ (3.16)
The first term indicates the energy per symbol as mentioned before,
or more concretely the average power the drive signal should have if it is
selected evenly from the constellation set. The rest two terms are the regu-
larization terms. The first one imposes the symmetry of the constellation,
while the second one limits the number of amplitude levels. Generally, the
optimal constellation, i.e. the most efficient constellation with the mini-
mum cost, projects more power levels in each symbol than PAM-4 does,
leading to the difficulty in the implementation of practical modulation and
demodulation. During the allocation of the grid points, the number of am-
plitude levels on each symbol will be taken into account as a constraint
of the optimization problem. Therefore, we add the last regularization
term. The coefficients α and β give the weight of constraints. Concretely,
if choosing a large β, the constellation probably sacrifices the sensitivity for
a simpler structure.
Meanwhile the principle of the optimization with the cost of modulation
amplitude is similarly expressed as Eq. 3.16:
arg min
C






cil + β · Lχ (3.17)
Here the first term is replaced by the one reflecting the range of modu-
lation amplitude. The regularization terms, however, are kept as the same.
The above-mentioned algorithm is only in generalized formalization.
The concrete design of the constellations, on the contrary, may be more
complicated.
3.3.4 Metrics for multi-dimensional formats
To analyzing and estimating the performance of MD formats, we introduce
several conventional metrics.
Spectral efficiency
The SE is used to describe the effective bit-rate. Following the convention,
it counts the number of bit per complex channel, which actually contains
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where L is the number of symbols in the constellation set, i.e. the number
of constellation points; n is the dimensionality of the signal space. Notice
as the convention, n is divided by factor of 2. In the following chapter, we
normally use bits per (regular) symbol, or denoted as bit/sym to indicate
the effective bits carried by per regular symbol, for avoiding the confusion
of above formal definition. While, since the SE is essential for calculating
other metrics, it is necessary to keep the consistency with the conventions.
Asymptotic power efficiency
Asymptotic power efficiency is used to estimate the shaping gain for the






in which dmin is the MMED; Eb is the energy per bit.
We usually use dB as the unit of asymptotic power efficiency (APE).
Typical APE values include 0 dB for non-return-to-zero (NRZ), -3.98 dB
for PAM-4 and 0 dB for quadrature phase shift keying (QPSK).
Constellation figure of merit





Like APE, CFM characterizes the difference of sensitivity between two
formats in high SNR regime. It conventionally uses dB as the unit of
CFM. Some typical CFM values include 3.01 dB for NRZ and -3.98 dB for
PAM-4 and 3.01 dB for QPSK.
3.4 Typical multi-dimensional formats
The multi-dimensional formats have been theoretically and experimentally
investigated in the coherent optical communication systems, such as two-
dimensional formats, three-dimensional formats, four-dimensional formats
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[55–62], eight-dimensional formats [64–66] and twenty-four-dimensional for-
mats [67, 146]. We emphasize, however, in this section the classical four-
dimensional and eight-dimensional formats.
3.4.1 Four-dimensional formats
4-D signal space is inherently spanned by the four-components of the
electromagnetic (EM) field, i.e. quadratures of the optical signal and the
two orthogonal polarization states. Thus, the PDM-QPSK is naturally 4-D.
By shaping the constellation set in the signal space, multiple 4-D formats
are designed. The optimization process can be applied to the 4-D space.
The 4-D formats are traced back to the pioneering theoretical works of G.
Welti and Jhong Lee [147], and L. Zetterberg and H. Bra¨ndstro¨m [148]
for the 4-D signaling in a general coherent communication system and the
work of S. Betti and et al. [149,150], who proposed the concept of the 4-D
format of the coherent optical transmission for its early development stage.
R. Cusani and et al. developed the concept [151]. S. Benedetto and P.
Poggiolini proposed the PS-QPSK [152]. The other early works in the area
include [153].
In 2009, when the digital signal processing (DSP) is widely applied
in the coherent digital systems, M. Karlsson and E. Agrell systematically
investigated the 4-D formats under the context of a coherent digital system
[56,154], with emphasis on the power efficiency.
POLQAM
H. Bu¨low invented a novel 4-D format, i.e. POLQAM, from the perspec-
tive of utilizing the polarization states [58]. From the point of view with
the 4-D geometry, it is the format is a subset of the D4 lattice, known as
24-cell [134], which has 24 points in the set. We will elaborate later more
4-D formats rooting in the D4 lattice. POLQAM does not have an integer
number of bit per 4-D, but carries 9 bits for every two symbols. There-
fore, it is sometimes treated as an 8-D format. F. Buchali and H. Bu¨low
first experimentally verified the performance of POLQAM in a 28 GBaud
coherent optical system [155]. Similar work was conducted by J. K. Fis-
cher and et al. [156]. The performance of POLQAM was experimentally
compared PS-QPSK [155] and OPT-16 [157]. POLQAM can be seen as a
hybrid format of PDM-QPSK and a PS-QPSK.
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PS-QPSK
PS-QPSK is another typical 4-D format which is investigated and studied
in the coherent systems. It was theoretically investigated by L. Zetter-
berg and H. Bra¨ndstro¨m [148]. It has been thoroughly investigated with
different schemes of PS-QPSK modulation, including the explicit selection
of between optical branches for different polarization with a binary sig-
nal [158–161], using polarization modulator [162] and using the so-called
single parity check (SPC) code [163–165]. The SPC operation can be simply
expressed as following, if without loss of generality.
Qy = Ix ⊕Qx ⊕ Iy (3.21)
PS-QPSK can be also used in a format flexible transmission or a hybrid
format modulation [60,166–168]. Other important 4-D format is proposed
and investigated, such as pulse position modulation (PPM) QPSK [169],
and set-partitioning. It is noteworthy that PS-QPSK is also substantially
a subset of D4 lattice with 8 points. It is known as 16-cell. PS-QPSK is
equivalent to special cased for PPM as 2PPM-QPSK and a special case
for the 4-D set-partitioning, known as 8-SP-QAM. We emphasize the 4-D
set-partitioning in the following section.
4-D set-partitioning QAM
Ungerbo¨eck first proposed the principle of the set-partitioning scheme [170,
171]. Such modulation scheme is extended by Coelho and Hanik [172],
where a serial of 4-D formats have been introduced and investigated. The
set-partitioning of their work is equivalent to select a subset based on D4
lattice from the parent subset based on Z4 lattice. Similar principles applied
on the PDM-16QAM to 128-point and 32-point set can be found in [172,
173]. Following the convention, we denote the 4-D set-partition formats as
k -SP-mQAM, representing a k -point subset selected from a PDM-mQAM.
For instance, 128-SP-16QAM denotes a 128-point format selected from the
256-point PDM-16QAM. The modulation of the set-partitioning formats
can be simply realized, in some cases, by the np-bit parity check code. A
SPC code is special case when np=1. The set-partitioning Z4 selection from
D2 with reduced half points can be simply realized by the SPC code. An
example of ni-bit SPC is shown as:
bspc = b0 ⊕ b1 ⊕ b2 ⊕ · · · ⊕ bk ⊕ · · · ⊕ bni−1 (3.22)
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in which bk is the k-th bit. More sophisticated parity check code schemes
which enable the selection of even smaller subsets with fewer than half point
of their parent sets, such as 32-SP-16QAM and 64-SP-16QAM are designed
in [174].
Some typical works of 128-SP-16QAM include the investigations in a
single carrier system [175], in a WDM system [176] and in a few-mode
system [177] with different forward error correction (FEC) schemes [178]
and comparison with other formats, e.g. POLQAM in [60, 63]. 32-
SP-16QAM has been studied with different set-partitioning modulation
schemes [172, 173], compare with other formats [174, 179]. The related
experiments are reported in [60, 180]. 128-SP-16QAM has been given the
attention in [181]. 4-D set-partitioning formats with higher order parent
constellations are reported, like 512-SP-32QAM reported in [60, 182], 512-
SP-64QAM reported in [173] and 2048-SP-64QAM in [60,63].
The basic idea of the set-partitioning is the foundation of the rate-
flexible PAM discussed in Chapter 6, where we apply the hierarchical subset
selection on the 8-D densest lattice, known as E8. We will also come back
to such 4-D set-partitioning formats with half-set reduction in Chapter
7, where we load a serial of set-partitioning (SP) formats from 128-SP-
16QAM to 8192-SP-128QAM in a discrete multi-tone modulation (DMT)
transmission, to generate the half-integer steps between the larger steps
created by PDM-mQAM.
Other 4-D formats
16-point constellation: the optimal 16-point 4-D format is proposed by M.
Karlsson and E. Agrell [183], by applying the sphere packing in 4-D signal
space, known as OPT-16. J. Karout and et al. investigated its performance
in an orthogonal frequency division multiplexing (OFDM) system [184].
Another 16-point 4-D format is reported as the subset-optimized PM-QPSK
(SO-PMQPSK) [185].
256-point set : the first attempt to optimize a 256-point 4-D constel-
lation based on the D4 lattice was conducted by H. Bu¨low and et al.
in [59], which shows a better asymptotic performance compared with PDM-
16QAM. T. A. Eriksson and et al. reported a format based on similar de-
signing philosophy, known as 256-D4 in [143]. It applies a 4-D rotation to
search the optimal 2-D constellation projections, which have more concise
configurations.
We will adopt the similar principle of designing the so-called optimal 4-D
and 8-D formats for vertical-cavity surface-emitting laser (VCSEL) based
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IM-DD systems. Yet, even though the basic ideas behind such optimal
constellations are similar, ones designed for IM-DD systems need some
further modifications, which will be elaborated in detail in Chapter 4.
3.4.2 Eight-dimensional formats
8-D formats for optical coherent systems have also been investigated re-
cently. T. Koike-Akino and et al. reported three 8-D modulation formats
constructed by two consecutive symbols [64]. Two of them are optimized by
using the sphere packing one the E8 lattice containing 128 and 256 points
respectively. The third one applies a SPC to construct the format follow-
ing the E8 lattice grids. They are proven better in the asymptotic regime
compared with PS-QPSK and PDM-QPSK. In [67], D. S. Millar and et al.
reported 8-D formats constructed with the (8,4) extended Hamming code.
H. Zhang and et al. reported an 8-D format combining a PDM-QPSK and a
PS-QPSK rotated by pi/4 [125]. It is substantially equivalent to POLQAM
as discussed before, but with a different scaling factor on both subsets.
3.5 Multi-dimensional formats for IM-DD
transmissions
The MD formats have been proposed for optical communication systems
are even earlier than the coherent times. The lattice code is a pioneer the-
oretical work on the MD modulation formats for IM-DD systems, which
was theoretically proposed by G. D. Forney and L. F. Wei in [144, 186]
and systematically by S. Hranilovic and F. R. Kschischang in the opti-
cal IM-DD systems in [187]. The optical IM-DD systems which is the-
oretically proposed and systemically investigated by W. Mao and J. M.
Kahn in [69]. J. Karout proposed to use multiple subcarrier as the ba-
sis of the MD signal space and studied the optimized constellations for
single-subcarrier intensity-modulated (IM) transmission [68]. He and his
colleagues formalized the 2-D signal space in [188]. K. Szczerba and et al.
investigated into an optimal 8-level subcarrier format for a IM-DD using
850 nm VCSEL [189] and 16-ary constellation in a IM-DD based sub-carrier
system [190]. J. Karout also studied theoretically the power efficient for-
mats for the non-coherent systems [191].
Recently, MD coded modulation has been experimentally validated in
IM-DD systems. A 2-D coded modulation scheme with external modulators
is discussed in [70], to create multi-rate transceivers based on vertical-cavity
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surface-emitting lasers (VCSELs). A 4-D version was reported in [71] R.
Rios-Mu¨ller and et al. They adopted a SPC scheme, where for every 7
bits one parity check bit is generated to output four PAM-4 symbols. Such
modulation can earn a 2-dB asymptomatic gain compared with its PAM-
m counterpart. A 4-D trellis coded modulation (TCM) is experimentally
analyzed by N. Stojanovic and et al. in [72] and C. Prodaniuc and et al.
investigated into the performance of a 4-D TCM compared with PAM-4 in
the WDM system [73, 192]. Other works include a 2-D coded modulation
based on pulse amplitude modulation with 8 levels (PAM-8) symbols [193],
and 1-D PAM-8 and 2-D PAM-16 TCM based on 850 nm VCSEL in [32].
In this thesis, we place emphasis on extending the application of the
MD coded modulation, or known as the MD formats in the IM-DD systems,
with both single carrier and multi-subcarrier modulation schemes.
i
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Pulse amplitude modulations (PAM) are widely used in the current intensity-
modulated direct-detection (IM-DD) systems. Specifically, non-return-to-
zero (NRZ), i.e. known as pulse amplitude modulation with 2 levels (PAM-2),
is most conventional format for current systems of 25 Gbit/s per lane;
and pulse amplitude modulation with 4 levels (PAM-4) has been regarded
as one of the most promising modulation formats for the next generation
short-reach data-links beyond 50 Gbit/s for intra- and inter-datacenter in-
terconnections [194], due to its higher spectral efficiency compared to NRZ
and lower implementation complexity than higher order formats, such as
quadrature phase shift keying (QPSK). However, the sensitivity of PAM-4
is much lower than NRZ for the same system configurations.
For increasing the receiver sensitivity, algorithms based on higher di-
mensional lattice grids have been investigated compared with the conven-
tional quadrature amplitude modulation (QAM) in coherent detection sys-
tems [59,154,173]. The similar optimization approach can be introduced to
IM-DD system by combining consecutive symbols (time slots) into temporal
super-symbols based on the assumption that inter-symbol interference (ISI)
is small and symbols are independent to each other, implying the orthog-
onality of basis in a n-dimensional signal space spanned by n temporally
consecutive symbols.
In this chapter, we theoretically propose and experimentally investi-
gated three different kinds of multi-dimensional PAM (MD-PAM) with
various design principles. The principle of multi-dimensional signal space
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Section 4.2 respectively. In Section 4.3, we design and verify one four-
dimensional (4-D) PAM, i.e. D4TS-4, and one eight-dimensional (8-D)
PAM, i.e. E8TS-4, with 2 bits per symbol (bit/sym). They are optimized
with 4 and 8 dimensional densest lattice grids, i.e. D4 and E8 respectively
by applying geometric shaping on temporal super-symbols with the rule of
minimum power. In the following section, we theoretically propose and ex-
perimentally investigate an alternative Block-Based 8-dimensional/8-level
PAM, namely BB8, carrying 2 bit/sym, i.e. the same spectral efficiency as
PAM-4. It takes the advantages of the geometry behind E8, the densest
8-D lattice, and optimized with the rule of maximum amplitude, taking into
account the trade-off between high performance and modulation simplic-
ity. A simplified bit-to-symbol mapping and corresponding symbol-to-bit
de-mapping algorithms, together with its decision schemes, i.e. hyper-space
hard-decision (HD) and hierarchical soft-decision (SD), are designed specif-
ically for its applications for short-reach data links.
4.1 Signal space for multi-dimensional PAMs
In general, the construction of the multi-dimensional (MD) signal space is
equivalent to find an orthogonal basis which consists of the degree of free-
dom provided by different physical quantities. An n-element orthogonal
basis spans an n-dimensional signal space, accommodating the modula-
tion formats of corresponding dimension. Specifically, for MD-PAM, which
based on a single-wavelength single-lane IM-DD system, the only physical
quantity that we can easily utilize as the degree of freedom is the ampli-
tude of each pulse, i.e. symbol. Ideally, consecutive symbol slots can be
treated as independent basis, provided the ISI is negligible. It implies that
by combining every n regular symbols into a sequence of super symbols, we
can artificially construct an n-dimensional signal space.
Alternatively, an orthogonal basis can be found in parallel optical chan-
nels, like separated fiber lanes for the 4-lane quad small form-factor plug-
gable (QSFP) or 8-lane octal small form-factor pluggable (OSFP) transceivers.
Such channels are inherently multi-dimensional.
In this chapter, n-dimensional signal space, i.e. n = 4 and 8, is con-
structed by combining n temporally adjacent symbols in a single chan-
nel. The modulated sequence of super-symbols is further interleaved into n
blocks, emulating n independent channels and suppressing the deterioration
of the orthogonality due to ISI.
i
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Figure 4.1: The schematic illustration of the construction of the multi-dimensional
signal space. (a) Illustration of the principle of constructing the eight-dimensional super-
symbols by combining the temporally adjacent symbols. (b) The construction of two-
dimensional projections by using two symbols.
4.2 Multi-dimensional PAM for IM-DD systems
4.2.1 Formation of multi-dimensional PAM
Let us consider, without loss of generality, s = [ s0, s1, · · · , sm, · · · ]T as
a transmitting sequence. The subscript m = 0, 1, · · · as the position
of a regular symbol sm in the sequence. The sequence of n-dimensional
super-symbols is denoted as S = [ S0, S1, · · · , Sk, · · · ]T. The subscript
k = 0, 1, · · · is denoted as the position of a super-symbol Sk in the sequence
S. In the rest of the chapter, if without specific indication, the regular
symbol sequence is denoted in lower case and the super-symbol sequence
in upper case. For each super-symbol Sk = [S
0
k , · · · , Sik, · · · , Sn−1k ]T. Sik
is the individual symbol in the k-th super-symbol. i = 0, 1, · · · , n − 1
indicates its position in Sk. S
i
k corresponds to the symbol sn·k+i in s,
i.e. m = n · k + i. Therefore, each symbol in one super-symbol gives the
coordinate value of one point in n-dimensional signal space along a specific
orthogonal direction. Specifically, for one-dimensional signal space when
n = 1, the sequence of super-symbols S degenerates to the one of regular
symbols s. Concretely, a continuous pulse train with PAM signal modulated
is naturally one-dimensional, i.e. n = 1, as shown in Fig. 4.1.(a).
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4.2.2 Noise assumptions
We assume that the received super-symbols Rk = [R
0
k, · · · , Rik, · · · , Rn−1k ]T
are affected by additive white Gaussian noise (AWGN). They can be
visualized as hyper-spheres expanded from the ideal format points, like
Rk = Sk+Nk, where Nk are independent and identically distributed (i.i.d.)
random variables. Notice that here the channel responses are not taken into
account, i.e. each super-symbol is seen as independent. In fact, the Gaus-
sian model is not naturally guaranteed in VCSEL based IM-DD links, that
leads to the noise spheres shifted from the designed locations and apart
from the hyper-sphere form, becoming more irregular and anisotropic. The
impact of this effect on the performance is not straightforward and depends
on the specific constellation configuration. In this chapter, we assume that
the shift and distortion of the noise hyper-spheres are negligible and adopt
a Gaussian noise model.
As mentioned in Sect. 3.3.1, since the errors mainly occur in the overlap
regions between two noise hyperspheres, the performance of modulation
formats can be improved by maximizing the minimum mutual Euclidean
distance (MMED), denoted as dmin, between all pairs of the format points,
to avoid the errors occurring in that region.
4.2.3 Block-wise interleaving
The proposed formats are designed for independent parallel channels, where
the orthogonality of the basis is inherently guaranteed. Therefore, dur-
ing the format design one can assume that the individual symbol is free
of ISI. However, such an assumption is not sufficiently reasonable for the
temporally adjacent symbols modulated by vertical-cavity surface-emitting
laser (VCSEL) and transmitted through multi-mode fiber (MMF) because
of two reasons: (1) the ISI resulting from the unavoidable inter-modal dis-
persion skews the basis; (2) the nonlinear transient line due to the compli-
cated physical process inside the active layer of VCSEL reshapes the noise
distribution from a pure Gaussian form to a mixed Gaussian distribution
and bring the channel from memoryless to time-dependent. Hence we use
a block-wise interleaving scheme to reduce such effects and emulate the
parallel channels. By doing so, the ISI becomes the signal unrelated noise.
The general structure of block-wise interleaving is illustrated in Fig. 4.2.
The transmitted sequence is fed into an interleaving matrix M˜ column-
wisely. Each column corresponds to a single super-symbol Sk in the input
sequence Sinput. Then n blocks Bi are generated row-wisely, with each
i
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𝐌 Interleaving Matrix 
Figure 4.2: Schematics of a block-wise interleaving scheme.
block as an analogy of an independent channel. Symbols in each block
correspond to the symbols with the same position, i.e. Sik with the same
superscript i in Sk. Formally, the interleaving matrix can be expressed as
M˜ = [ S0 S1 · · · Sk · · · Sl−1 ], in which Sk = [S0k S1k · · · Sik · · · Sn−1k ]T
denotes the super-symbols with Sik the i-th symbol in the k-th super-
symbol, and l gives the number of super-symbols that are processed in
one batch, leading to the length of regular symbol sequence equal to n · l
and the size of interleaver equal to n × l. The matrix can be reformu-
lated to a column matrix M˜ = [ B0 B1 · · · Bi · · · Bn−1 ]T, with row




1 · · · Sik · · · Sil−1 ] as each block in output sequence
Soutput = [ B0 B1 · · · Bi · · · Bn−1 ]. Each block contains the symbols with
the same position of all super-symbols.
It is noteworthy that for keeping the consistency, we applied the same
interleaving scheme on all the formats we investigate in this work.
4.2.4 Designing philosophy
Multi-dimensional PAMs gain performance improvements via reshaping the
configuration of the constellation set in hyperspace. The optimization of
the constellation set is equivalent to find a subset selected from the grid set
of a multi-dimensional densest lattice, for that the densest lattice occupies
the minimum space for the same number of grid points compared with
other lattice structures. Thus, for the same MMED, i.e dmin, the optimized
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constellation set, i.e. the MD-PAM, requires smaller occupancy in signal
space, which is fenced by the actual physical quantities, e.g. the modulation
amplitude or the signal power. Equivalently, with the same occupancy of
the signal space, i.e. with the same maximum modulation amplitude or the
power of the modulation signal, the densest lattice expands the MMED.
As discussed before, the BER performance of a constellation is strongly
related to the MMED, especially in the low noise regime, i.e. the high
SNR regime. Therefore, the reshaping of MD constellations in hyperspace
benefiting from the intrinsic geometric feature is expected to enhance the
BER sensitivity.
However, compared with the design philosophy of MD formats for co-
herent detection systems, the one behind IM-DD systems is different. It is
mainly because of the facts:
(1) The drive signal for a IM-DD system is positive, without containing
phase information as the negative amplitude does, which leads to a half
signal space.
(2) Non-FEC transmission schemes are widely adopted, especially for
the high performance computing (HPC) applications, meaning that the
channel is normally un-coded. Thus, the optimization priority should be
given to the lower noise regime.
(3) The received signal is proportional to the incoming optical power
rather than the amplitude. The criterion for optimization needs further
modifications.
(4) Considerations on the trade-off between the sensitivity gain and the
simplicity of transmitters are inevitable.
Basically, the minimum power and the minimum amplitude of the mod-
ulation signal are two major criteria of the optimization, i.e. the cost
functions. The selection between these two options depends on the as-
sumption of the signal modulation on vertical-cavity surface-emitting lasers
(VCSELs). As shown in Fig. 4.3, for keeping the signal quality, the drive
signal is applied in the linear regime according to the light-current (L-I)
curve. However, the definition of the linear regime is normally ambiguous
due to two major reasons.
(1) The linearity of output radio frequency (RF) signal is not exactly
reflected on the static L-I curve which is characterized by a direct current
(DC) signal. The nonlinear roll-off partly results from the temperature
increase of in the active layer. However, the thermal relaxation of the
lattice (∼ µs) is much slower than the modulation frequency (∼ ns, i.e.
GHz). This implies that the linear regime may extend into the nonlinear
i
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Figure 4.3: Schematics of two different modulation assumptions: (a) The modulation
with the soft boundary, corresponding to the optimization with minimum signal power.
(b) The modulation with the hard boundary, corresponding to the optimization with
minimum modulation amplitude.
roll-off regime.
(2) As shown later, the peak-to-average power ratio (PAPR) of the
MD-PAM optimized with the cost of minimum power is usually high, with
high peaks of low occurrence. However, normally, VCSELs are tolerant for
the occasional peaks cross the linear regime, even though it may impact on
the lifetime in a long run.
Therefore, the cost function for the optimization process is different,
depending on these facts and the actual operations of lasers.
The formats proposed in this chapter are designed based on these two
criteria respectively, i.e. D4TS-4 and E8TS-4 using the minimum power
and BB8 using the minimum amplitude.
4.3 Four- and eight-dimensional PAMs: D4TS-4
and E8TS-4
4.3.1 Optimization process
The actual optimization process in general with the cost of power is listed
as following:
(1) Constructing the lattice grid with the corresponding dimension, i.e.
list the coordinators as well as the square of norm of the grid points with
a sufficient range.
(2) Selecting the positive half-space of the lattice grids and giving proper
and necessary operations, i.e. translating, scaling and rotating, on the
i
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lattice grids in the positive half-space.
(3) Sorting the list with respect to the power from small to large.
(4) Selecting first L points to minimize the total/average power.
(5) For extra points with the same power, selecting necessary ones ac-
cording to the symmetry of the hyperspace.
(6) Obtaining the bit-to-symbol mapping scheme by using the modified
Gray-mapping algorithm, similar to [59].
(7) Running Monte-Carlo simulation and checking the performance in
the regime of interest.
(8) Repeating from step 2 until the results are satisfying.
4.3.2 Four-dimensional format: D4TS-4
D4TS-4 is designed based on the 4-D densest lattice, i.e. D4. The lattice
grids can analytically expressed as in [135]:
D4 =
{
(xi) ∈ Z4 :
∑
i
xi ≡ 0 (mod2)
}
(4.1)
The vertex diagram of D4 is shown in Fig 4.4.(a). As a comparison, from
a 4-D perspective, PAM-4 can be compared to the conventional PDM-
16QAM in the dual-polarization coherent detection system, which geomet-
rically occupies the corner of a hypercube, as all four levels can be chosen
arbitrarily. Such 4-D lattice is known as Z4.
Fig. 4.4.(b) illustrates the two-dimensional (2-D) facet, i.e. one 2-D
projection of D4TS-4. The size of each circle indicates the probability of
occurrence. The constellation has uneven probability, implying a more com-
plicated geometric relation behind its low dimensional appearances. Such
complicated intrinsic geometric dependency is also reflected by the uneven
distribution of the amplitude in each regular symbol. Concretely, symbols
for each dimension of D4TS-4 have 6 levels, which shown as the histogram
in Fig. 4.4.(c). Due to the intrinsic feature of D4, theoretically, D4TS- offers
a 1.01 dB asymptotic improvement of sensitivity compared with PAM-4, if
the signal is modulated with the same peak-to-peak amplitude.
4.3.3 Eight-dimensional format: E8TS-4
E8TS-4 relies on the densest geometry of the so-called E8 lattice, which
can be expressed analytically as in Eq. 4.2. The vertex diagram of E8 is
shown in Fig 4.5.(a).The 2-D appearance of E8TS-4 is shown in Fig. 4.5.(b).
i
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Figure 4.4: D4Ts-4. (a) Vertex diagram of D4 lattice. (Imaging source: [135]) (b) The
virtual 2-D projections of D4TS-4 consisting of two symbols. Size of each dot indicates
the probability. (c) Histogram of 6-level D4 with un-even distribution.
The mutual distance looks shorter and whole constellation seems denser.
However, the actual MMED in 8-D space is larger, which leading to an
asymptotic increase by 1.98 dB, compared with PAM-4 with the same peak-
to-peak modulation amplitude.
The optimization process for E8TS-4 is similar to the one for D4Ts-4.
The results of the optimal selection shows a 16-level unevenly distributed
amplitude structure in each regular symbol as the histogram in Fig. 4.5.(c),




(xi) ∈ Z8 ∪ (Z+ 1/2)8 :
∑
i
xi ≡ 0 (mod2)
}
(4.2)
4.3.4 Mapping, de-mapping and decision
Due to the complicated structure of the constellation configuration, the
modulation and demodulation become tedious. The bit-to-symbol mapping
and the symbol-to-bit de-mapping are based on the bit-symbol relation ob-
tained from a heuristic algorithm, where no further clear and deterministic
geometric relation can be utilized to further simplify the modulations. Here
we adopt a look-up table (LUT) for the mapping and de-mapping.
For decisions, as the lower dimensional projections contain more com-
plicated dependence, simple hard decisions are not applicable in this case.
We use the minimum mean square error (MMSE) based SD. It is worth
i
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Figure 4.5: E8Ts-4. (a) Vertex diagram of E8 lattice. (Imaging source: [136]) (b) The
virtual 2-D projections of E8TS-4 consisting of two symbols. Size of each dot indicates
the probability. (c) Histogram of 16-level E8 with un-even distribution.
mentioning that for the fairness of comparison, we applied such decision
scheme to all formats to be compared, including the simple PAM-4, with
the corresponding dimensions.
4.3.5 Numerical setups
For setting up the numerical analysis on D4Ts-4 and E8TS-4, a 2
15-bit
pseudo random bit sequence (PRBS) at 50 Gbit/s was generated and ex-
tended by repeating the section to form a transmitting sequence 220 bits.
Every two bits were combined into a regular symbol and every four con-
ventional symbols were loaded into a super-symbol. The super-symbol se-
quence was mapped to a three-channel bit sequence and converted into
a 6-level signal via a digital-to-analog converter (DAC). Imperfections
of drive integrated circuit (IC) (e.g. bandwidth and noise) were consid-
ered. A VCSEL was used as light source, biased at 10 mA and modulated
by modulation signal with peak-to-peak amplitude of 0.5 V. The proper-
ties (e.g. bandwidth, thermal effects) of laser were characterized by L-I
curves, shown in Fig. 4.6.(a) and S21 curves 4.6.(b). The signal propaga-
tion on standard single-mode-fiber (SSMF) was simulated with the software
kit: SSPROP from the University of Maryland, using the parameters as:
α=0.2 dB/km, D=17 ps/(nm·km), γ=1.317 (1/W·km). The properties
of photodiode was modeled in similar method to [195], with parameters
R=0.4 W/A, T=298 K, Fn=5 dB, RL=50 Ω, RIN=-155 dB/Hz. For more
detailed parameters, also see Tab. 4.1. A Gaussian matched filter was used
to improve the performance after sampling. The diagram of simulation
i
i





























5 °C 15 °C
25 °C 35 °C
45 °C 55 °C
65 °C 75 °C
85 °C 95 °C
0.1
1

















2 mA 3 mA
4 mA 5 mA
6 mA 7 mA
8 mA 9 mA
10 mA 11 mA
12 mA
(a) (b) 
Figure 4.6: Simulation results of VCSELs for numerical investigations: (a) L-I-V curve
of the simulated VCSEL under different ambient temperature. (b) S21 response of the
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Figure 4.7: Numerical setups for performance measurements between PAM-4, D4TS-4
and E8TS-4.
blocks are shown in Fig. 4.7. After pre-processing (e.g. re-sampling, cen-
tralization, normalization, sequence alignment), signal was de-mapped by
MMSE algorithm and sent to bit error rate (BER) evaluation. Simulation
on E8TS-4 is similar, but with a modified HD based de-mapping algorithm,




As shown in Fig. 4.8, D4TS-4 and PAM-4 perform similarly at re-
quired BER=3.8×10−3 for 7% hard-decision feed-forward error correc-
tion (HD-FEC). Yet, the former outperforms by 1 dB asymptotically when
increasing optical power and earns 0.9 dB at the required BER at 1×10−6,
i
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Table 4.1: The parameters in the simulation for comparison between D4Ts-4, E8TS-4
and PAM-4.
Parameter Symbol Value Unit
PRBS length - 215 -
Symbol rate - 25 Gbaud
Bit rate - 50 Gbit/s
Driver SNR - 30 dB
Driver Rising time - 0.3 UI
Bias current Ibias 10 mA
Modulation amplitude Vpp 0.5 V
Laser 3 dB bandwidth f−3 dB 20 GHz
Laser wavelength λ 1550 nm
Laser RIN density -145 dB/Hz
Fiber type - SSMF -
Fiber attenuation coff. α 0.2 dB/km
Fiber dispersion coff. D 17 ps/(nm·km)
Fiber effective nonlinearity coff. γ 1.317 1/W·km
Fiber length L 0-10 km
PD Responsivity R 0.4 W/A
Amplifier noise figure Fn 5 dB
Load resistance RL 50 Ω
Ambient temperature T 20-100 ◦C
where the simulation accuracy is just guaranteed, compared with even fur-
ther 1 dB improvement earned by E8TS-4 at cost of increased complexity.
The summary of the results are shown in Tab. 4.3.
Extension of reach using D4TS-4
The benefit of the extended transmission length over SSMF with D4TS-4
is illustrated in Fig. 4.9. Under the required BER=1×10−6 for the un-
coded, non-dispersion compensated channel, a 2-km-extension is achieved
by using D4TS-4 when the received optical power is fixed at -12 dBm. We
can also assume the optical back-to-back (OBTB) BER difference remains
approximately constant when power increasing. Therefore, from the curve
in Fig. 4.9, an reach extension of 3 km remains in the short-reach regime
when the optical launch power is higher than -12 dBm. Such reach benefit
i
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Figure 4.8: Numerical results for optical back-to-back BER sensitivity with D4TS-4
(azure), E8TS-4 (lavender) PAM-4 (lemon grass) in 25 GBaud data-links.
Table 4.2: The comparison between D4Ts-4, E8TS-4 and PAM-4 in terms of the optical
back-to-back performance with the required optical power (unit dBm).
FEC threshold PAM-4 D4TS-4 ∆D4TS/PAM E8TS-4 ∆E8TS/PAM
7% HD-FEC -10.1 -10.2 0.1 -10.7 0.6
KP-4 -8.8 -9.2 0.4 -10.0 1.2
KR-4/SR-4 -8.1 -8.6 0.5 -9.4 1.3
Asymptotic -7.0 -7.9 0.9 -8.8 1.8
is an interesting feature for short-reach applications (i.e. from ∼m to ∼km).
Enhanced tolerance for thermal degradation using D4TS-4
The BER performance under different room temperatures with -12 dBm
launch power and the ideal transmission condition is shown in Fig. 4.10.(a).
For required BER at 1×10−6, D4TS-4 gives a wider operational range of
temperature. Meanwhile, the new formats are proven more tolerant for
thermal effects on VCSELs when the temperature increase is limited as in
Fig. 4.10.(b). The system parameters, e.g. launch power, are set to meet
BER requirement at 1×10−6 while the room temperature is set to 20 ◦C.
i
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Figure 4.9: Numerical results for BER v.s transmission distance with D4TS-4 and
PAM-4 with increasing transmission length up to 10 km.
The BER degradation is recorded with the fixed parameter setting while
increasing temperature for emulating thermal effects. A penalty of thermal
tolerance can be observed up to 18 ◦C at the low noise regime. Such benefit
vanishes when the increased temperature is over 30 ◦C. The thermal effects
of laser and photodiode generate extra noise, which counteract the benefits
gained from the densest structure. The clipping effects of VCSEL also
generate additional degradations of the tighter arranged formats. However,
an approximate 20 ◦C temperature variation can be treated as sufficient for
most application scenarios, especially the temperature controlled systems.
4.3.7 Summary
Two modulation formats based on 4-D and 8-D densest lattice used in short-
reach interconnections are proposed and investigated numerically. In the
optical back-to-back measurement of un-coded 25 GBaud/s links, D4TS-4
and E8TS-4 outperform PAM4 when the received optical power is higher
than -10 dBm and gain 1 dB and 2 dB asymptotic sensitivity improvement
respectively. Under the same BER requirement, i.e. 10−6, D4TS-4 earns a
3-km-extension of reach and tolerance of 18 ◦C for thermal effects.
The potential benefits of these formats lay in the facts: (i) the low
latencies from the non-redundant un-coded schemes; (ii) reach extensions
i
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Figure 4.10: Numerical results for the thermal tolerance with D4TS-4 and PAM-4.
(a) BER v.s. room temperatures with D4TS-4 and PAM-4. (b) BER v.s. temperature
variation up to 80 ◦C with D4TS-4 and PAM-4, with optimal system settings at room
temperature = 20 ◦C.
at the same conditions; (iii) the higher stability from the higher tolerance
for thermal effects and distortion; (iv) the lower power consumption because
of higher sensitivity or power efficiency.
However, the drawbacks are also obvious: (i) the complex constellation
structure leads to the unrealistic modulation and demodulation; (ii) the
asymmetric configuration results in an inevitable LUT modulation scheme
and further increases the latencies; (iii) the unevenly distributed amplitude
level results in difficulties in the time recovery at the receiver side; (iv) ...
Due to all the limits, it is necessary to shift to a different designing
paradigm, leading to a more practical version of the eight-dimensional
PAM. It is discussed in the next section.
4.4 Simplified eight-dimensional PAM: BB8
In spite of the theoretical benefit, the practical implementation of the above
mentioned MD formats is not straightforward due to the unrealistic bit-to-
symbol mapping. LUTs may be a feasible solution for the MD formats with
small-scale constellations in the cost tolerant applications, such as long-haul
coherent systems. However, for the highly latency- and cost-sensitive short-
reach data links, e.g. the rack-to-rack interconnects and the active optical
cable (AOC)s for supercomputers, such modulation formats are no more
i
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Table 4.3: The comparisons between D4Ts-4 and PAM-4 in terms of the reach extension
(unit m) and the enhanced tolerance for thermal degradations (unit ◦C).
PAM-4 D4TS-4 ∆ ∆ (%)
Reach @ 7 % HD-FEC (km) 8.5 7.8 -0.7 -8.3%
Reach @ KP-4 (km) 6.2 6.2 0.0 0.0%
Reach @ KR-4/SR-4 (km) 4.0 4.8 0.8 20%
Reach @ Asymptotic (km) 2.0 4.0 2.0 100%
Temperature @ 7 % HD-FEC (◦C) 90 87 -3 -3.3%
Temperature @ KP-4 (◦C) 80 81 1 1.25%
Temperature @ KR-4/SR-4 (◦C) 50 72 22 44%
Temperature @ Asymptotic (◦C) n.a. 60 n.a. n.a.
Temp. Var. @ 7 % HD-FEC (◦C) 55 48 -7 -12.7%
Temp. Var. @ KP-4 (◦C) 36 32 -4 -11.1%
Temp. Var. @ KR-4/SR-4 (◦C) 22 26 4 18.2%
Temp. Var. @ Asymptotic (◦C) 10 22 12 120%
practical. In this section, we propose a block based eight-dimensional/eight-
level PAM, named as BB8. Based on its symmetric intrinsic geometry, a
specially designed simplified bit-to-symbol algorithm is proposed, which
enables the symbol-wise modulation. It is expected to enable the real-time
bit-to-symbol mapping and its corresponding de-mapping.
Like E8TS-4, BB8 roots in the eight-dimensional densest lattice, i.e.
E8. Yet, BB8 stems from a different assumption of modulations, that the
linear modulation regime is rigorously constrained, namely hard boundary
as shown in Fig. 4.3.(b), rather than the soft boundary, as in Fig. 4.3.(a),
where D4TS-4 and E8TS-4 are based on. In such assumption, the signal
space is limited within a fixed-size eight-dimensional hypercube, instead
of an open positive-half space, where the format sets CBB8 (or simply C,
for concise expressions) can select from. Therefore, the construction of
BB8 equals to searching and selecting a subset from E8 lattice grids within
a fixed-size eight-dimensional hypercube. Such subset has the maximum
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4.4.1 Geometry
BB8 has 8 equally probable amplitude levels. The format point set C is
defined in Eq. 4.3:
C =
{
(ci) ∈ U8e ∪U8o :
∑
i
ci ≡ 0 (mod4)
}
(4.3)
where ci is the amplitude of each symbol, i = 0, 1, · · · , 7 is the position
of individual symbol in a super-symbol.1 U ⊂ Z indicates the alphabet
of symbols, namely a discrete set where the amplitude of each symbol can
be chosen from. Superscript n indicates the dimensionality of the super-
symbol, here obviously n = 8, and the subscripts, e and o, bipartition the
alphabet into even and odd subsets, namely U = Ue ∪Uo and Ue ∩Uo =
∅, where Ue ∈ { 0 , 2 , 4 , 6 } and Uo ∈ { 1 , 3 , 5 , 7 } are corresponding
alphabets.
It is also obvious that C ⊂ LE8 , in which LE8 is the whole set of the
lattice grids of E8.
Subgroups
We can use the representation of 2-D projections, i.e. 2-D facets, to better
understand the format structure in an 8-D space. As shown in Fig. 4.11,
an 8-D super-symbol forms four 2-D projections by artificially projecting
every two vector components, i.e. regular symbols, in one constellation
diagram. Without loss of generality, we define the projections as Pj =
[ c2j c2j+1 ]T, ∀j ∈ { 0, 1, 2, 3 } with a symbol-wise sequence. Thus, the
constellation set C =
{




According to the expression in Eq. 4.3, the set of format C is divided
into two independent subsets, i.e. even and odd subsets, with the expression
Eq. 4.4 and Eq. 4.5.
Ce =
{














1Note that we use ci instead of cil, omitting the subscript l, to keep the generality.
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Format points in each projection Pj are then divided into four sub-
groups sub-group (SG), as express in Eq. 4.6 - Eq. 4.9.
Θ =
{















Pj ∈ U2o : c2j+c2j+1− 1≡ 1 (mod4)
}
(4.9)
in which ∀j ∈ { 0, 1, 2, 3 }. Like in Fig. 4.11, these sub-groups are repre-
sented by points of four different colors. The even subset is constructed
with a conditional combination of pairs in Θ and Ω, following:
Ce =
[ P0 P1 P2 P3 ]T
∣∣∣∣ pij =
{
0 Pj ∈ Θ




pij ≡ 0 (mod2)

(4.10)
Correspondingly, the odd subset is constructed with a conditional combi-
nation following:
Co =
[ P0 P1 P2 P3 ]T
∣∣∣∣ pij =
{
0 Pj ∈ Φ




pij ≡ 0 (mod2)

(4.11)
Note that the concept of sub-groups is based on the 2-D visualization,
which is constructed for the convenience of understanding. It implies that
the selections of the sub-groups depend on the concrete projections, rather
than an absolute division in the hyperspace. More intuitively, the possible
combinations are listed in Tab. 4.4. There are 16 different combinations of
the point from the sub-groups.
Hierarchy of subsets
For a more rigorous analysis, we formalize a hierarchy of the orthogonal set
division, also known as set bipartition or set-partitioning [170,171,196], in
the eight-dimensional hyperspace. Note that even though it uses the sub-
group language, such hierarchy is absolute, i.e. not dependent on specific
representations.
We define the hierarchy of constellation set C with the subscript Υσ,
Υσ ∈ Υ, into subsets CΥσ , in which Υ = {Υ0, Υ1, · · · , Υσ, · · · , Υ15 }.
i
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Table 4.4: The combination of the sub-groups for constructing BB8.
Ce Co
Θ Θ Θ Θ Φ Φ Φ Φ
Θ Θ Ω Ω Φ Φ Ψ Ψ
Θ Ω Θ Ω Φ Ψ Φ Ψ
Θ Ω Ω Θ Φ Ψ Ψ Φ
Ω Θ Θ Ω Ψ Φ Φ Ψ
Ω Θ Ω Θ Ψ Φ Ψ Φ
Ω Ω Θ Θ Ψ Ψ Φ Φ



















































  Figure 4.11: BB8 illustrated with aids of 2D projection in constellation diagram: (a)
the illustration of the sub-groups Θ and Ω in the subset Ce, Φ and Ψ in the subset Co
on two-dimensional projections; (b) Experimentally measured symbol histogram and its
2-D projection.







CΥσ = ∅ (4.12)










, components υjσ ∈ { 0, 1 } , ∀j ∈ { 0, 1, 2, 3 },
give the divisions on the j-th level. Therefore, the hierarchical division is
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expressed formally as in Eq. 4.13-Eq. 4.17.
Q0 =
{
Θ υ0σ = 0
Φ υ0σ = 1
, Q1 =
{
Ω υ0σ = 0

































σ ⊕ υ2σ ⊕ υ3σ = 0
Q1 υ
1
σ ⊕ υ2σ ⊕ υ3σ = 1
(4.17)
The relation between the indices and the hierarchical structure is intu-
itively presented in Fig 4.12. A more rigorous formalization of the hierar-
chical set partitioning is going to be given in later chapter when discussing
the rate flexible PAM.
Features
BB8 carries 2 bits per symbol, with the same spectral efficiency (SE) as
PAM-4. Therefore the format set C has 48 = 65536 points. The MMED
of neighboring points reaches dmin = 2
√
2. Theoretically, BB8 has an
asymptotic power efficiency (APE) -1.18 dB, with a gain of 2.8 dB compared
to PAM-4. Similar, the constellation figure of merit (CFM) of BB8 reaches
-1.18 dB with a gap of 2.8 dB outperforming its PAM-m counterparts.
Practically, with the same maximum peak-to-peak modulation amplitude,
the benefit is reduced to ∼1.5 dB.
Numerical results
A theoretical Monte-Carlo simulation is made based on AWGN assumption
applied on the ideal constellations. Note that the simulation here only
places emphasis on the theoretical performance on the constellation. No
i
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Figure 4.13: Theoretical Monte-Carlo simulations of BB8 (azure), PAM-4 (lemon
grass), and PAM-8 (lavender) with varying signal-to-noise ratio.
extra actual physical factors are taken into account. The results are shown
in the Fig. 4.13. The signal-to-noise ratio is given with respect to the
received electrical signal. From the results, it is clear that PAM-4 and BB8
have an intersection point around the standard 7% FEC limit with required
BER ≈ 3.8 × 10−3. For low noise regime, BB8 outperforms PAM-4 and
approaches the asymptotic gain larger than 1.5 dB.
4.4.2 Bit-to-symbol mapping
In spite of the theoretical benefit, the practical implementation of MD
formats is not straightforward due to the indirect bit-to-symbol mapping.
LUTs is a feasible solution for MD modulations with small scale constella-
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tions in coherent transmission systems. However, it cannot be applied for
the highly latency- and cost-sensitive short-reach data links. A specially
designed simplified bit-to-symbol algorithm is proposed in the following
section. It is expected to enable the real-time bit-to-symbol mapping, and
its corresponding de-mapping.
Formally, the input bit stream, B, is first divided into bit blocks,
Bk, as B = [ B0 B1 · · · Bk · · · ]T. For each input bit block Bk =
[ b0k b
1
k · · · bek · · · b15k ]T and the mapped regular symbol sequence Sk =
[S0k S
1
k · · · Sik · · · S7k ]T, a bit-to-symbol mapping is defined as,M : F162 →
R8 and the corresponding symbol-to-bit de-mapping is M−1 : R8 → F162 .
F162 means the 16-dimensional binary field. The superscript e indicates the
position of the individual bit in Bk. The simplified mapping algorithm is

























































k ⊕ b3k ⊕ b5k ⊕ b7k ⊕ b9k ⊕ b11k ⊕ b13k (4.26)
In the mapping stage, every 16 bits are mapped into one 8-symbol super-
symbol, with each symbol modulated into eight levels. The first bit (b0k)
controls the selection of the candidate points from the even subsets (when
b0k = 0) or from odd ones (when b
0




k are simply mapped
as PAM-4. It is noteworthy that they are not Gray mapped, since Gray
mapping is not optimal in an 8-D perspective. The last symbol is generated
from bits b0k, b
15
k and a parity bit, Pk, which is calculated according to
Eq. 4.26.
The merits of such bit-to-symbol mapping include: (i) minimizing the
alteration from conventional PAM-4 mapping and therefore reducing the
cost of IC design and implementation; (ii) minimizing extra computational
resources required, as only additional calculation of parity bit Pk is needed;
i
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(iii) enabling real-time solution with lower latency relative to the other
mapping schemes, e.g. LUT.
4.4.3 Symbol-to-bit de-mapping
The corresponding de-mapping algorithm is then written as:
b̂0k = mod(R̂
0−7
k , 2) (4.27)
b̂1k = mod((R̂
0
k − b̂0k)/2, 2) (4.28)
b̂2k = mod((R̂
0




k − b̂0k)/2, 2) (4.30)
b̂14k = mod((R̂
6
k − b̂0k)/4, 2) (4.31)
b̂15k = mod((R̂
7
k − b̂0k)/2, 2) (4.32)




k. During the de-
mapping phase, a 16-bit block is recovered from one super-symbol, i.e. 8
received and aligned symbols. The first bit R̂0k is decoded according to the
parity of the subset that the received super-symbol belongs to, i.e. either
even subset (when R̂0−7k is even, b̂
0
k = 0) or odd subset (when R̂
0−7
k is
odd, b̂0k = 1). Then, the symbols R̂
0−7
k are shifted, i.e. subtracted by b̂
0
k,
as described by Eq. 11-16. After doing that, R̂0−7k are degenerated from
PAM-8 into PAM-4 signal. The remaining bits b̂1k...̂b
15
k are simply calculated
from R̂0−7k with PAM-4 de-mapper. The parity bit (Pk) is not used during
the de-mapping and therefore discarded.
4.4.4 Hyper-space based hard decision
A maximum likelihood (ML) SD algorithm is used in coherent MD mod-
ulation systems. It is combined with forward error correction (FEC) to
maximize the achievable data rate [61]. However, considering the compu-
tational complexity, it is unrealistic to apply ML-SD to the 8-D modulation.
It would be overloaded by the number of possible states. In this work we
propose a hyperspace based hard decision (HS-HD) algorithm.
A lattice is filled with primitive cells, the smallest symmetric units. All
positions inside the cell are closer to the center than to the rest of the lattice.
i
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Hence, the central lattice point in each primitive cell gives a decided symbol.
All received symbols in one primitive cell have the same decision. We can
separate an 8-D primitive cell by determining all the perpendicular bisecting
hyperplanes between the neighbors, as shown in Fig. 4.14. The perpendic-
ular bisecting hyperplane is also seen as the decision threshold hyperplane.
Generally, the (n-1)-dimensional boundaries of primitive cells work as hard-
decision thresholds in an n-dimensional signal space. Hence, 7-dimensional
hyperplanes H ( H =
{
x ∈ R8 | aTx = d} ,a = (a1, a1, · · · , a8)T ) divide
the 8-D signal space into cells of symbols. Here x represents the points on
the hyperplane and a is its normal vector.
We use a 2-D honeycomb (A2 lattice) as the analog of the E8 lattice to
illustrate the principle of the algorithm (Fig. 4.14). Generally, the normal
vector of the threshold plane between the j-th lattice point lj ∈ L and its
z-th neighbor lzj ∈ L is expressed as az = lzj − lj , where L is the set of the
whole lattice. The unit normal vector is then given as az0 = a
z/dmin. The
perpendicular bisector of the line connecting these two points is described
as P = lj + a
z/2. The hyperplane function is written as (az0)
Tx = d, in
which d = (az0)
TP = (az0)
T(lj + a
z/2) = Dzj + dmin/2. Here, d is the
characteristic number, which equals to the perpendicular distance between
the decision plane and the origin of the coordinate; it consists of dmin/2,
half of the MMED, and Dzj , the perpendicular distance from the origin
of the coordinate to the hyperplane containing lj . D
z
j ∈ Dz is inherent
for a specific lattice structure. Dz = (az0)
TL is the set of all possible Dzj .
Normally, due to the symmetry of the lattice, Dz degenerates to a smaller
discrete set. It is evident that Dz consists of identical subsets equally spaced





0 + µ · dmin), µ ∈ Z.
Specifically, the number of possible direction vectors az0 in E8 reaches 120,
because each E8 lattice point is surrounded by 240 neighbors, and each
direction has a conjugate counterpart, i.e. az0 = −a′z0, which reduces the
number by half.
We use a ’cake-cutting’ algorithm to implement the HS-HD. dzk =
(az0)
TRk generates a characteristic number, which equals to the projec-
tion of Rk along the direction a
z
0. The same procedure is applied on the
lattice set L and generates a set of characteristic numbers, Dz, as de-
scribed above. By comparing the characteristic value dzk of the received
super-symbol with the lattice characteristic values Dzµ ∈ Dz, we obtain the
difference δ = dzk −Dzµ. Therefore, a HD selects a subset Lz of lattice from
the whole set L, where |δ| ≤ dmin/2. The selection starts from an arbitrary
direction and goes through all possible 120 directions. The ergodic process
i
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Primitive Cell 










Figure 4.14: Division of a signal space by using the decision threshold given by the
perpendicular bisecting hyperplane between a lattice point and its neighbors, apart from
the origin of the coordinate by dmin, with the analogy of two-dimensional honeycomb
structure (A2 lattice).
stops when one element only remains in the candidate set. The procedure
looks like cutting the cake (signal space) until the last piece containing the
cherry (the decided symbol) is found.
The major difference between HS-HD and the conventional hard-decision
used for PAM-m are extra linear transforms required before the decision.
Such operations are expected to be serialized with electrical analog circuits.
As the decision can be implemented in an analog domain, analog-to-digital
converter (ADC) is dispensable, whereas it is required in the case of digital
ML algorithms.
4.4.5 Hierarchical soft-decision
The soft-decision is defined formally as Eq. 4.33.
R̂k = arg min
Cl∈C
‖ Rk − Cl ‖ (4.33)
in which Rk is the k-th received super-symbol, and Cl is one constellation
point from the constellation set C, minimizing the Euclidean distance to
Rk. For the convenience and simplicity of computation, we can also use
i
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the form as:
R̂k = arg min
Cl∈C
‖ Rk − Cl ‖2 (4.34)
Yet, for constellations with the scale like BB8, which contains 65536
constellation points, the MMSE rooted SD is not realistic. Concretely,
65536 times of 8-D distance calculations are inevitable for just deciding
one super-symbol. However, taking advantages of the intrinsic symmetry
of BB8 and the hierarchical structure of set partition, we can devise a
simplified hierarchical SD.
Basics
The simplified decision benefits from the symmetry of the lattice. It can be
clearly seen from the hierarchical division of constellation sets as discussed
in Section 4.4.1 that points in the same subgroup are independent, meaning
that the selection of points in one projection is not constrained by the se-
lections on the other 2-Dfacets. In other words, we can make independent
decisions on one projection within the same sub-group. Hence, we can run
a coarse decision to select the possible decided points in each subgroup, de-
noted as θjk ∈ Θ, ωjk ∈ Ω, φjk ∈ Φ, and ψjk ∈ Ψ. For the k-th super-symbol,
on j-th projection, j = 0, 1, 2, 3, we can obtain four selected points, total
16 points selected in one super-symbol. Without loss of generality, we omit
the subscript k in the rest of this chapter. By applying the combination
rule discussed in Section 4.4.1, 16 candidate super-symbols can be enumer-
ated, which is listed in the Tab. 4.5, and grouped into the candidate set,
denoted as Γ. More specifically, Γσ ∈ Γ = {Γ0, Γ1, · · · , Γσ, · · · , Γ15 }.




σ · · · Γiσ · · · Γ7σ
]T
. We can
further divide Γ into the even subset Γe and the odd subset Γo.
Via coarsely selecting and enumerating the candidate decision points,
we reduce the number of the points requiring further comparisons from
65536 to 16, with 4096 times reduction. However, the comparison between
the received symbols and the candidate points requires 16 × 8 multiplica-
tions, which might be feasible for the digital systems, but not for analog
systems without using ADC and digital signal processing (DSP). Thus,
further simplifications for the possible analog transmission is desirable.
i
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Table 4.5: The enumeration of the BB8 candidate points.
Γe Γo
θ0 θ1 θ2 θ3 φ0 φ1 φ2 φ3
θ0 θ1 ω2 ω3 φ0 φ1 ψ2 ψ3
θ0 ω1 θ2 ω3 φ0 ψ1 φ2 ψ3
θ0 ω1 ω2 θ3 φ0 ψ1 ψ2 φ3
ω0 θ1 θ2 ω3 ψ0 φ1 φ2 ψ3
ω0 θ1 ω2 θ3 ψ0 φ1 ψ2 φ3
ω0 ω1 θ2 θ3 ψ0 ψ1 φ2 φ3
ω0 ω1 ω2 ω3 ψ0 ψ1 ψ2 ψ3
Hierarchical decision
Considering the two candidate symbol2 Γ and Γ′, according to Eq. 4.34,
we make a decision between them by calculating Eq. 4.35. If ∆ ≤ 0, the
candidate symbol Γ is more likely to be the estimated symbol. Other wise,
the candidate Γ′ is preferred.
∆ = ‖ R − Γ ‖2 − ∥∥ R − Γ′ ∥∥2 (4.35)




(Ri − Γi)2 −
7∑
i=0




(Γi − Γ′i)(Γi + Γ′i − 2Ri) (4.37)
We know that Γ ∈ C, meaning that that Γ ∈ Z8. It hides the convenience
behind Eq. 4.37 for the actual realization that only after simple signal pro-
cessing, e.g. voltage elevation, amplification, and summation, the received
analog signal can be directly used as the criteria of decision, without being
converted into the digital forms.
Applying such decision scheme into the hierarchical structure of the
set partitions described in Sect. 4.4.1, i.e. the hierarchical structure for
2Note that for convenience, we omit the superscript k for Rk and σ for Γσ and shift
the superscript i as subscript if not confusing.
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Figure 4.15: The hierarchical decision for decoding BB8.
the candidate set, the direct comparisons with the 16-candidate list can
be converted to a serial of 4-level hierarchical decisions, with a candidate-
candidate, i.e. Γ−Γ′, comparison for each level. If we well design such SD
using the sample and hold circuit together with a mixed-signal IC design,
the whole decision can be obtained in a few clock cycles. The output
of the decision according to Eq. 4.37 has very low latency and is almost
instantaneous. The principle is schematically illustrated as Fig. 4.15
Pros and cons
The above-mentioned decision scheme roots in the processing of the input
analog signal, without being converted into digital signals with ADCs. This
is essential for the low-cost data links if the ADCs can be avoided. Further,
it is fundamentally a real-time solution. Meanwhile, the drawback lays in
a more complicated mixed-signal design with both the analog and digital
circuit. The increase in power consumption during the actual operation
also remains unknown.
In fact, from Eq. 4.37, we can see that the second process phase of the
hierarchical SD is equivalent to the hyperspace based HD. The difference
is that it utilizes a priori information, which is obtained by applying the
coarse HD in the form of digital signal, to simplify the actual computation,
i.e. analog signal processing for the received signal. Today, the sample and
hold circuit for the analog signal is getting popular. Thus, such technique
i
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may open a window to the actual adoption of the MD modulations in future
IM-DD systems.
4.4.6 Experiment setup
The experimental setup is presented in Fig. 4.16. An 850 nm multimode
VCSEL, biased at 8 mA, was directly modulated by a 520 mV peak-to-peak
differential electrical signal. The L-I-V curve, the small-signal frequency
response and the optical spectrum are shown in Fig. 4.17 (a), (b), and (c)
respectively.
The electrical signal was generated from 28 GBaud sequences of 256K
symbols by a 65 GSa/s 8-bit arbitrary waveform generator (AWG). The
sequences were pre-processed with a raised cosine (roll-off factor α = 0.5)
pulse shaping and repeatedly transmitted. A pre-equalization on the elec-
trical signal was included to mitigate the spectral roll-off of the AWG.
The VCSEL used in this experiment has a −3 dB bandwidth of 17 GHz.
The maximum output optical power from the transmitter optical sub-
assembly (TOSA) reaches−0.61 dBm. A variable optical attenuator (VOA)
was employed, which has an insertion loss of 0.52 dB, reducing the max-
imum launched optical power to −1.13 dBm. The signal was received by
a commercially available VI-Systems photodiode package which includes a
trans-impedance amplifier (TIA). The detected electrical signal was im-
proved with a low-noise amplifier (LNA) and a low-pass filter (LPF). Sig-
nal traces were captured with a 33 GHz, 80 GSa/s digital storage oscillo-
scope (DSO). A back-to-back BER measurements were taken for a primary
characterization. Then link measurements were performed with one spool
of 100 m OM3 MMF and one of OM4 MMF. They introduced the losses
of 0.69 dB and 0.85 dB respectively, giving the maximum received optical
power −1.82 dBm and −1.98 dBm correspondingly. For the convenience
of comparison, we set −2 dBm as the maximum power for BER measure-
ments in the following experiments and treat it as the maximum achievable
received optical power.
The received digital signal was processed oﬄine. The traces were re-
sampled from 80 GSa/s to 56 GSa/s, i.e. two samples per symbol, pro-
cessed with a T/2 fractional infinite impulse response (IIR) filter with 11
and 5 taps in the feed-forward and feedback parts, respectively. Training
sequences with an adaptive process using the least-mean-square (LMS) al-
gorithm were applied to train the coefficients of the filter taps. The first
2048 samples of the traces were used as the training sequences. The training
process was executed iteratively 10 times with different step sizes varying
i
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Figure 4.17: Characterizations of 850 nm MM-VCSEL: (a) DC L-I-V measurement.
(b) The end-to-end frequency response, with (lemon grass) and without (azure) post-
amplifier and low pass filter. (c) The optical spectrum of VCSEL, with (azure) and
without (lemon grass) electrical signal modulation.
from 0.03 to 0.003. After the coefficients were trained during the initial-
ization stage, they were kept constant for the whole payload. We used IIR
filter instead of decision feedback equalizer (DFE) because the decision of
BB8 is not straightforward, where no instant symbol-wise decision can be
made. Therefore, we set the decision phase after the equalization and used
the IIR filter, where no decision is required in advance. It is noteworthy
that for keeping the results comparable, we apply the same signal process
on all the formats studied in this work.
Data collections were treated differently in different transmission regimes.
100 traces with 2 million samples (25 µs) were stored for each transmission
condition in critical regime; for the received optical power which gener-
ates BER approximately lower than 10−3 to the maximum received optical
i
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power, where the accuracy of BER is easily influenced by the number and
length of the traces. 10 traces with 1 million samples (12.5 µs) were stored
for the remaining power regime, because the trend was well displayed in
the higher noise conditions.
4.4.7 Experimental results
Back-to-back measurements
Fig. 4.18 shows the back-to-back (BTB) BER sensitivity of BB8, PAM-
4, and PAM-8. The last one is used as a reference. Substantially, BB8
and PAM-4 perform similarly at the 7% OH FEC level, predicted by sim-
ulation shown in Fig. 4.13. However, in the experiment BB8 has a mi-
nor degradation of 0.2 dB to PAM-4. It is reasonable that BB8 degrades
faster due to the system imperfection in the low signal-to-noise ratio (SNR)
regime, as it is constructed by more neighboring points. With the increase
of received optical power, BB8 outperforms PAM-4 by an asymptotic gain
larger than 1 dB. An apparent error floor can be observed for the PAM-4’s
curve due to the limited bandwidth, relative intensity noise (RIN) and laser
nonlinearities. Its new counterpart, BB8, provides a potential to achieve
BER=10−12 before reaching the maximum laser optical output power, as
can be concluded from the fitted trend line in Fig. 4.18. It is also possible
that BB8 conceals the error floor below the measurement accuracy limit
at BER=10−7. In contrast, PAM-8 displays an unsuccessful transmission
with 7% FEC. BB8 gives a 2 dB power margin (maximum optical power
-2 dBm) at the 2.7% overhead (OH) FEC of RS (528, 514) which gives
the output BER< 10−15. PAM-4 has a BER gap larger than one order of
magnitude.
MMF links
Transmissions of BB8 over 100 m OM3 and OM4 MMFs result in a <1 dB
penalty at 7% FEC as compared to the BTB scenario (100 m OM3 in
Fig. 4.19 and 100 m OM4 in Fig. 4.20). PAM-4 experiences a major
degradation in OM3 and OM4. Unlike the simulation analysis in Fig. 4.13,
the receiver sensitivity for BB8 is improved as compared to PAM-4 by
0.6 dB and 1 dB for OM3 and OM4, respectively. BB8 has a successful
transmission at the FEC threshold of lower required BER and an improved
power margin for both 100 m OM3 and 100 m OM4, whereas for PAM-4 the
error floor close to the maximum received optical power makes 56 Gbit/s
i
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Figure 4.18: Comparison of the optical back-to-back BER sensitivity for BB8 (azure),
PAM-4 (lemon grass), and PAM-8 (lavender) in 28 GBaud/s data-links.
transmission unsuccessful. Apparently, PAM-4 degrades faster than BB8
in MMF links. We believe that it stems from the fact that BB8 has larger
MMED than PAM-4, which is more tolerant to the signal distortion from
the nonlinearities of components and the limited bandwidth of fiber links.
It is also noteworthy that the increased gap doesn’t imply the inevitable
relations with the differences in specifications between OM3 and OM4. In
principle, OM4 is further optimized based on OM3, which theoretically
should have the larger modal bandwidth. However, due to the different
design and implementation of vendors, batches, conservation conditions of
fiber spools or even launching conditions, it is difficult to provide a direct
comparison of the performance with different fiber spools.
Since 100 m links are typical in commercial products, these results imply
the potential of BB8 for MMF data transmission links scenarios.
4.5 Summary and discussion
An 8-D modulation format based on E8 lattice was proposed for short-reach
data transmission links. The experimental performance shows a 2 dB power
margin in BTB measurements and ∼ 1.5 dB for a transmission over 100 m
OM3/OM4 MMF measured at 2.7% 100BASE-SR4 FEC. It implies the
potential advantages of BB8 in intra-datacenter and other short-reach ap-
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Figure 4.19: BER performances of BB8 and PAM-4 with varying received optical power










-8 -7 -6 -5 -4 -3 -2
Popt [dBm] 
FEC Limit 3.8×10⁻³ 
BB8 













RS (528, 514) Limit 1.46×10⁻5 
Figure 4.20: The BER performance of BB8 and PAM-4 with varying received optical
power measured for transmission over 100 m OM4 MMF.
plications. Due to a better asymptotic BER performance, BB8 relieves
the requirement on maximum received optical power, and hence the max-
imum laser output power. Potential non-FEC transmission of BB8 down
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Table 4.6: The performance comparison between BB8 and PAM-4 in terms of the
optical back-to-back, 100 m OM3 and 100 m OM4 with the required optical power (unit
dBm).
FEC threshold BB8 PAM-4 ∆BB8/PAM−4
7 % HD-FEC OBTB -5.8 -6 -0.2
KR-4/SR-4 OBTB -3.9 - -
2.5×10−7 OBTB -3 - -
7 % HD-FEC 100 m OM3 -5.8 -5.2 0.6
KR-4/SR-4 100 m OM3 -3.8 - -
Asymptotic 100 m OM3 -2.1 - -
7 % HD-FEC 100 m OM4 -6 -5.0 1.0
KR-4/SR-4 100 m OM4 -3.7 - -
Asymptotic 100 m OM4 -2.2 - -
to BER=10−12 without extra redundancy can provide reduced latency and
complexity of the transceivers. Moreover, it is inherently compatible with
the 8-lane octal small form-factor pluggable (OSFP) links. BB8 is also at-
tractive for future modulation flexible transceivers, because of the possible
smooth transition between BB8 and PAM-m provided by the simplified
mapping and de-mapping schemes. Considering the requirements on ca-
pacity, power efficiency, latency, reliability and flexibility, BB8 is a possible
candidate for the next generation IM-DD optical interconnections.
The works summarized in this chapter are presented in PAPER6, PA-
PER7 and PAPER83.
3Note that some charts presented in this thesis from PAPER6 have been updated.
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In the previous chapter, we discussed three four and eight-dimensional pulse
amplitude modulation (PAM) with different optimization principles. They
rely on the four and eight-dimensional densest lattices, namely D4 and E8
respectively. By applying the similar principle, combining more regular
symbols and designing with the lattice in the corresponding dimension, a
multi-dimensional (MD) PAM with higher dimension can be constructed.
In this chapter, we introduce an MD-PAM when n = 24, i.e. a twenty-four-
dimensional PAM, by packing 24 regular symbols in a super-symbol and
designing the constellation according to the densest lattice in 24-D space,
i.e. the Leech lattice, denoted as Λ24. It carries 48 bits per super-symbol,
equivalent to 2 bits per symbol (2 bit/sym), equal to pulse amplitude mod-
ulation with 4 levels (PAM-4). It is named as Leech24D-m1, and obviously
here m=2.
In the following sections, we start with the formalization, geometry, and
construction of the constellation set. They are followed by the elaboration
of modulation and demodulation, as well as the corresponding decision
strategy. The new MD member is investigated in an intensity-modulated
direct-detection (IM-DD) system using 850 nm single-mode (SM) vertical-
cavity surface-emitting laser (VCSEL) and multi-mode fiber (MMF) spans.
The performance is compared with the conventional PAM-4 and the eight-
dimensional PAM investigated in the last chapter, namely BB8. The pro-
posed modulation format is proven to have additional benefits compared
1Note that for convenience the representation in this chapter, m here represents the











with its counterparts of other dimensions in different transmission scenar-
ios.
5.1 24-dimensional space, lattice and
Leech24D-m
5.1.1 24-D signal space
In this chapter, we construct the 24-D signal space by combining 24 time
slots, i.e. regular PAM symbols. Following the notation in the last chap-
ter, let us consider, s = [s0, s1, · · · , sm, · · · ]T is a transmitting sequence.
The subscript m = 0, 1, · · · as the position of a regular symbol sm in the
sequence. The sequence of n-dimensional super-symbols (n=24) is denoted
as S = [ S0 S1 · · · Sk · · · ]T. The subscript k = 0, 1, · · · is denoted as the
position of a super-symbol Sk in the sequence S. For each super-symbol
Sk = [ S
0
k · · · Sik · · · S23k ]T. Sik is the individual symbol in the k-th super-
symbol. i = 0, 1, · · · , n− 1 indicates the position in Sk. Sik corresponds to
the symbol sn·k+i in s, i.e. m = n · k + i.
The twenty-four-dimensional (24-D) space has been rigorously proven
the space with the highest dimension known so far, which has the densest
lattice close to the theoretical limits, followed by the eight-dimensional
E8 [130, 131]. Thus, we can expect that a MD PAM designed based on
the 24-D densest lattice, i.e. Λ24, outperforms all its counterparts in other
dimensions as previously mentioned. A similar interleaving technique is
adopted as it was done in the previous chapter, so that the orthogonality
of the basis is guaranteed.
5.1.2 Λ24




(xi) ∈ Z24 :
23∑
i=0
xi ≡ 4xi (mod 8), P ∈WG
}
(5.1)
in which P ∈WG and P = [ P0 P1 · · · Pi · · · P23 ]T is a vectorial index,
which imposes additional constraints and follows the Eq. 5.2
Pi =
{
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in which, I is the index of the residue class modulo 4 and is an arbitrary
value from set { 0, 1, 2, 3, }; and WG = {W0, W1, · · · , W4095 } is the set
of codewords of the binary Golay code.
In a different perspective, Λ24 can be seen as the union of two cosets of
the Leech half-lattice, i.e. LΛ24 = HΛ24 ∪H⊥Λ24 [134]. Each of the cosets of
H24 can be described with the (24,12) extended Golay code G24, combined
with a one-bit parity check code.
Due to the symmetry of lattice, we can define the basic building blocks
of Λ24. It is denoted as L
0
Λ24
, known as primitive cell. The whole lattice set




Λ24 + L∆ (5.3)




∆ · · · Li∆ · · · L23∆ ]T, Li0 = βiDi, ∀βi ∈ Z. Di is the
occupancy of L0Λ24 in i-th dimension. Note that L∆
∼= LZ24 , namely L∆
and the lattice Z24 are isomorphic.
Via an insight into the above structure, we find that the tessellation
of LΛ24 is equivalent to a nesting of the primitive cells, into a 24-D cubic
lattice, known as Z24 lattice. The identical primitive cells are placed at
every Z24 grids. By doing so, the construction of the lattice set is equal to
construct the primitive cell L0Λ24 and extend the primitive cell to the Λ24
lattice via Z24 lattice.
5.1.3 Leech24D-m
The design of Leech24D-m equals to find a constellation set CmΛ24 ⊂ LΛ24 ,
which is a subset of the lattice set. Averagely, m bits are carried by each
regular symbol, meaning 24m bits for each Leech24D-m super-symbol, re-
sulting in a constellation set of a 224m-element twenty-four vector set.
The tessellation of the primitive cell as Eq. 5.3 implies a convenient
way of extending the scale of constellation set. As mentioned above, the
Leech lattice is the nesting of the primitive cell L0Λ24 on to the Z24 lattice,
which corresponds to the conventional PAM or quadrature amplitude mod-
ulation (QAM). The construction of Leech24D-m can be divided into the
construction of the constellation set C0Λ24 , which contains the geometry of
Leech lattice, and a modulation of conventional PAM-m with Gray map-
ping, which extend the C0Λ24 to the desired C
m
Λ24
. Obviously, when m = 1,




24 bits are coded by a G24 based encoder. When m > 1, besides the first 24
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Figure 5.1: 2-D projections for Leech24D-m.
bit coded into C1Λ24 , the rest uncoded bits are modulated by a PAM-(m-1)
modulator.
For understanding the geometric feature of Leech24D-m, we can inves-
tigate its hierarchical relations of the subsets. The constellation set CmΛ24
can be partitioned into to orthogonal subsets, like Eq. 5.4.
CmΛ24 = A
m ∪Bm,Am ∩Bm = ∅ (5.4)
in which Am ⊂ HΛ24 and Bm ⊂ H⊥Λ24 . We use one of the 12 two-
dimensional projections to illustrate the higher dimensional structure, as
in Fig. 5.1. All 12 points can be selected from either the blue (Ax,y,z) or
the yellow (Bx,y,z) subset, in which the subscripts of x, y, z are the indices
showing the relations of the subsets in deeper nesting levels. They are also
used as bit positions in the modulation.
The orthogonal subsets can be further partitioned into subsets according
to the lattice geometry.
According to the subsets in the last nesting level as shown in the
Fig. 5.1, the theoretical minimum mutual Euclidean distance (MMED) is
estimated as
√
2 times larger than the E8 based formats, enabling the
largest nominal coding gain (∼6 dB) among the other MD formats. Con-
cretely, The constellation figure of merit (CFM) of Leech24D-1, Leech24D-2
and Leech24D-3 reach 8.06 dB, 1.83 dB and -4.24 dB respectively, earn-
ing 5.05 dB, 5.81 dB and 5.97 dB apart CFM benefits from non-return-to-
zero (NRZ), PAM-4 and pulse amplitude modulation with 8 levels (PAM-8)
accordingly. The asymptotic power efficiency (APE) values of these three
formats arrive 5.05 dB, 1.83 dB and -2.48 dB with the gaps of 5.05 dB,
5.81 dB and 5.97 dB with their corresponding PAM-m counterparts. It is
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noteworthy that the metrics calculated here are based on the average sym-
bol energy calculated from randomly selecting from the constellation sets,
as the scale of these constellation, e.g. 272 points for Leech24D-3, which is
unrealistic to have an ergodic result.
5.2 Bit-to-symbol modulation




k · · · bek · · · b24m−1n ]T and the mapped




k · · · Sik · · · S23k ]T the k-th super-symbol
of Leech24D-m carrying 12m bits, a bit-to-symbol mapping is defined as,
M : F24m2 → R24 and the corresponding symbol-to-bit de-mapping is
M−1 : R24 → F24m2 . F242 means the 24m-dimensional binary field. The
superscript e indicates the position of the individual bit in Bk.
Specifically, 24 bits are used as coded bits to generate the finer structure
of the Λ24 geometry and with the rest 24(m− 1) bits as the uncoded one,
which are used to extend the primitive cell via a Gray mapped PAM-(m-1)
modulator. We can extract a parameter γ = m − 1, which indicates the
depth of modulation for the uncoded bits.
For the modulator, a 24m-bit section in the input bit stream is fed into




k · · · vek · · · v24m−1k ]T, as:
vk = [ hk | gk ]T (5.5)




k · · · hik · · · h23k ]T is used for the
modulation of the coded bits. It reads as:
hk = [ b
0
k · · · b23k ]T (5.6)




k · · · gek · · · g24m−25k ]T indicates the uncoded bit section
for the integer bit modulation. It is expressed as:
gk = [ b
8
k · · · b24m−1k ]T (5.7)







The modulation consists of two phases. The coded bits are first encoded




k · · · tik · · · t23k ]T.
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Then, a PAM modulator sum up tk with the modulated un-coded bits as
output symbols, as Eq. 5.8.
For the mapping of the pre-processed symbols, the indices, i.e. Ax,y,z
or Bx,y,z, are first generated for each regular symbols; and then the output
tik are selected from the two-dimensional (2-D) digram, shown in Fig. 5.1.
For the convenience for the expression of selection rules, we define a new
index wk, as in Eq. 5.9.
wk =
{
0 Sk ∈ A1
1 Sk ∈ B1
(5.9)
Note that we omit the subscript k in the rest of this chapter for more concise
expressions. Thus, based on above, each ti is completely determined by a
set of indices, i.e. (wj , xj , yj , zj), ∀j ∈ {0, 1, · · · , 11 }, where j is the index
of the projection. It implies that the 24 output symbols ti is determined
by 12 points on the 2-D projections.
For each bit section h, we divide the bits into three sections q0 =
[ h0 h1 · · · h11 ]T, q1 = [ h12 h13 · · · h22 ]T, and q2 = [ h23 ]T and follows:
h = [ q0 q1 q2 ]T (5.10)
Let w0 = w1 = · · · = w11 = h23, which can be realized by a repetition
encoder. The determination of index x and y is based on a (24,12) extended
Golay G24 encoder. Formally, P = [ x0 y0 x1 y1 · · · x11 y11 ]T, a vectorial
index, is an codeword of G24, following:
P = G · q0 (5.11)
in which, G is the generator matrix of G24. For determining the index z,
we use a parity check encoder. It is formally expressed as:
z0 = h12 (5.12)
z1 = h13 (5.13)
· · ·
z10 = h22 (5.14)
z11 = h12 ⊕ · · · ⊕ h22 ⊕ h23 (5.15)
i
i





































































































































Figure 5.2: The schematic illustration of the bit-to-symbol modulator for Leech24D-m.
The selection of the output symbols based on the indices using the
2-D projections, as shown in Fig. 5.1, can be realized by the look-up table
(LUT). However, to reduce the latencies, we adopt a bit-wise mapping,
which only requires the bit-level operations. The mapping is formally shown
from Eq. 5.16-Eq. 5.17.
t2j = mod( 2 · ((xj ∧ yj)⊕ zj) + wj + xj ⊕ yj , 4 ) (5.16)
t2j+1 = 2 · ((xj ∧ yj)⊕ zj) + xj ⊕ yj (5.17)
in which ∀j ∈ { 0, 1, · · · , 11 }. The schematic illustration of the Leech24D-
m encoder is shown as Fig. 5.2.
5.3 Symbol-to-bit demodulation and decision
For decoding the Leech24D-m symbols, the pure maximum likelihood (ML)
decoding scheme is not realistic. For a concrete instance of the case when
m = 2, there are 248 points in C2Λ24 , and it requires comparisons of the
same number to decoding one super-symbol, which makes the practical
implementation unaffordable. However, we can take full advantages of the
geometry features of the highly structured constellation set, to simplify the
complexity of the decoding. The basic idea is to utilize the the symmetry
of the lattice, i.e. invariance of translation, and the hierarchical subsets
relations.
We can first simplify the decoding of the whole constellation set CmΛ24 to
the primitive cell set C0Λ24 , or known as C
1
Λ24
. Utilizing the dependence of
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the primitive cells on each projection, such process can be easily realized by
applying a pre-hard-decision in each dimension, i.e. each regular symbol,
and selecting the four candidate values from each symbol.
The estimated symbol is decided among the candidate points with the
cost function of the Euclidean distances. We adapt a ML soft-decoding
scheme. The Golay decoder enumerates the candidate point set and the
difference of Euclidean distance (ED) between the received signal and the
candidate points, which is listed by using the Golay generation matrix. The
point with the smallest distance difference is selected as the candidate point
of one of the HΛ24 decoders. And the final decided symbol is the one with
the smaller distance difference between the two candidates from HΛ24 and
H⊥Λ24 .
Formally, we can define the candidate set for each 2-D projection, de-
noted as Oj . Such candidate set can be further partitioned into two or-
thogonal sets OjA, O
j
B ⊂ Oj , according to the principle of Leech lattice
construction. And they are following:
Oj = OjA ∪OjB,OjA ∩OjB = ∅ (5.18)
It implies that the candidate values on each projection can be selected in
dependently either from OjA or from O
j
B. We can further partition each of
the above subsets into four sub-groups according to the indices xj and yj ,





, namely,OjA0,0 , O
j
A1,0




















The subgroups are not independent, which is defined and constrained by
the extended (24,12) Golay code. In each of the sub-group, there are two
points, corresponding to the cases when zj = 0 and zj = 1.
We denote the received symbols, following the conventions from the
previous chapter, Rk or for concision R. For each, we can obtain 16 values
for the difference of ED between R and 16 points in Oj on each 2-D pro-
jection. We denote the square of difference as ∆jµ, where µ = 0, 1, · · · , 15.
It follows Eq. 5.20.
∆jµ = (C
2j
µ −R2j)2 + (C2j+1µ −R2j+1)2 (5.20)
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According to the hierarchical nesting of the sub-groups, we can apply






For convenience of the later process in the decoding, we need to define




































We then select the candidate points as the estimation of R first regardless
the index zj and enumerate the possible distance difference between R
and the constellation points according to the Golay codewords. We can
enumerate a 4096-element set of distance difference. We denote such set as
Ξ, where Ξ = ΞA ∪ ΞB .It follows Eq. 5.24.
ΞA =












where the extra constraint P ∈ WG means that the indices array P =
[ x0 y0 x1 y1 · · · x11 y11 ] is an codeword of G24. And similarly, we can
obtain the set for B, as Eq. 5.25.
ΞB =












We denote the minimum of ΞA as Ξ
min
A .











where ξminA define as the minimum of ξA, where ξA follows Eq 5.27.
ξA =















Following the similar principle, we can obtain the corresponding value




B , we can obtain










As we can see from the above discussion, in our work, for enhancing
the efficiency, we calculate the MMED differences for each cell by applying
a LUT which stores these MMED differences and their position indices on
each symbol before the decoding. By doing this, we can avoid the redundant
calculation during the decoding. And then the enumeration requires only
the summations of the G24 code words. The other the fast decoding of the
Golay code and the Leech lattice modulation have been well discussed [197].
5.4 Testbed
In the experiment setup illustrated in Fig. 5.3, we used an 850 nm SM
VCSEL coupled with single-mode fiber (SMF) pigtails. Its -3 dB band-
width reaches 20 GHz and the maximum output power reaches -1.7 dBm
when biased at 2.8 mA. The laser was modulated by a 8-bit arbitrary
waveform generator (AWG) of 65 GSa/s sampling rate and 22 GHz ana-
log bandwidth with the modulation amplitude of 750 mVpp. The optical
signal was detected by a 22 GHz calibrated photoreceiver module with the
co-packaged trans-impedance amplifier (TIA). During the signal genera-
tion at the transmitter, streams with 19.2M bits were randomly generated
and mapped into 9.6M symbols, 0.4M super-symbols accordingly. After in-
terleaving, the symbol sequences were resampled to the desired baud rate,
shaped into the root raised cosine pulses (α=0.6), and pre-distorted to com-
pensate the electrical spectrum roll-off of the AWG. For the digital signal
processing (DSP) at the receiver side, the electrical signal was first collected
by a 256-level digital storage oscilloscope (DSO) of 33 GHz analog band-
width at sampling rate of 80 GSa/s and resampled into two times of the
baud rate, followed by the synchronization, equalization with a 16-tap T/2
fractional feed-forward equalizer (FFE) and an amplitude correction. After
de-interleaving, the output bit streams were obtained by the Leech24D-m
de-mapper. The value of each point was given by the average value of 10
traces, with 51.25M sampling points of each. The detailed parameters for
the experimental testbed are listed in Tab. 5.1.
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Figure 5.3: The experimental setup for investigating the performance of Leech24D-m.
5.5 Experimental results
We compare the performance of Leech24D-2 with the conventional PAM-4
and the eight-dimensional (8-D) format proposed in the last chapter, i.e.
BB8, with different transmission aspects, including the bit error rate (BER)
performance, pre-FEC rate and the tolerance for the insertion loss.
5.5.1 Pre-FEC bit-rate
Fig. 5.4. shows the BER performance of different modulation formats
with respect to the received optical power in the case of optical back-to-
back (OBTB) and 200 m OM3 MMF link. 24-D format provides a well
recognizable gain at lower BER values over its 8-D counterpart, and signif-
icantly outperforms the standarded PAM-4. At 56 Gbit/s in OBTB regime,
Leech24D-2 provides a 2 dB gain relative to PAM-4 in the low-latency KR-
4 forward error correction (FEC) threshold. But, with the pre-FEC rate
at 80 Gbit/s PAM-4 fails to provide the required BER value of 1.42× 10−5
within the available power budget of the setup, while 24-D modulation
guaranties operation under KR-4 FEC scheme with a 2 dB power margin.
Moreover, 24-D modulation shows the possibility of 100 G transmission
within the hardware limits of our setup, where the PAM-4 exhibits error
floor above the standard 7 % overhead (OH) FEC threshold. The possi-
bility of 100 Gbit/s transmission using the proposed 24-D format remains
possible over up to 200 m MMF links. In case of 80 Gbit/s transmission
over 200 m MMF link, 24-D format allows data transmission under the
BER limit of KR-4 FEC with a 1.5 dB power margin, while both PAM-4
i
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Table 5.1: The parameters of the experiment setup for a Leech24D-m supported 100 G
IM-DD transceiver.
Parameter Symbol Value Unit
Sequence length - 215 -
Symbol rate - 28/40/50 GBaud
Bit rate - 56/80/100 Gbit/s
Formats - Leech24D-2/PAM-4/BB8 -
Bias current SM-VCSEL Ismbias 2.8 mA
Output power - -1.7 dBm
wavelength λ 850 nm
Modulation amplitude Vpp 0.75 V
AWG analogy frequency fAWG−3 dB ∼ 20 GHz
AWG sampling rate - 64 GSa/s
AWG vertical resolution - 8 bit
DSO analogy frequency fDSO−3 dB ∼ 33 GHz
DSO sampling rate - 80 GSa/s
DSO vertical resolution - 8 bit
VCSEL pigtail - SMF -
MMF length LMMF 200 m
PR bandwidth fPR−3 dB 22 GHz
PR Gain G -80/-70 V/W
PR Output noise NPR 590 µVrms
PR Impedance ZPR 50 Ω
Ambient temperature T 22 ◦C
and 8-D modulation fail. The details are also listed in the Tab. 5.2 and
Tab. 5.3
5.5.2 Bandwidth enhancement
In Fig. 5.5, the BER performance of the modulation formats is compared
with respect to the bit-rate, defined by the modulation baud rate. A major
capacity enhancement of 10 Gbit/s between Leech24D-2 and the conven-
tional PAM-4 is observed with respect to the same BER value at KR-4/SR-4
threshold (1.42 × 10−5), for both OBTB and over 200 m MMF. Mean-
while the pre-FEC rate enhancement keeps 8 Gbit/s at the FEC threshold
for KP-4 (2.2 × 10−4). Yet, the benefits generally vanishes at the 7 %
i
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Optical Power [dBm] 































Figure 5.4: BER performance vs. received optical power with Leech24D-2, BB8 and
PAM-4, in OBTB or over 200 m OM3 MMF using different baud rates.
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Figure 5.5: BER performance vs. channel bit rate with Leech24D-2, BB8 and PAM-4
in OBTB and over 200 m OM3 MMF.











Table 5.2: The comparison of the optical back-to-back performance, i.e. BER v.s.
optical power, between Leech24D-2, PAM-4, and BB8 (unit dBm).
FEC threshold Leech24D-2 PAM-4 ∆PAM−4 BB8 ∆BB8
7% HD-FEC (56 Gbit/s) -8.0 -8.1 -0.1 -8.1 -0.1
KP-4 (56 Gbit/s) -7.0 -5.8 1.2 -6.5 0.5
KR-4/SR-4 (56 Gbit/s) -6.2 -4.4 1.8 -5.2 1
7% HD-FEC (80 Gbit/s) -5.9 -6.7 -0.8 -6.0 -0.1
KP-4 (80 Gbit/s) -5.8 -4.1 1.7 -4.3 1.5
KR-4/SR-4 (80 Gbit/s) -3.8 -2.7 1.1 - -
7% HD-FEC (100 Gbit/s) -2.8 - - - 2.9 -0.1
KP-4 (100 Gbit/s) - - - - -
KR-4/SR-4 (100 Gbit/s) - - - - -
Table 5.3: The comparison of the BER performance, i.e. BER v.s. optical power, over
200 m OM3 MMF between Leech24D-2, PAM-4, and BB8 (unit dBm).
FEC threshold Leech24D-2 PAM-4 ∆PAM−4 BB8 ∆BB8
7 % HD-FEC (80 Gbit/s) -5.5 -5.9 -0.4 -5.5 0
KP-4 (80 Gbit/s) -4.8 -4.4 0.4 -4.8 0
KR-4/SR-4 (80 Gbit/s) -3.8 - - -2.8 1
7 % HD-FEC (100 Gbit/s) -2.1 - - - -
KP-4 (100 Gbit/s) - - - - -
KR-4/SR-4 (100 Gbit/s) - - - - -
5.5.3 Tolerance for insertion loss
The tolerance for the insertion loss is estimated in Fig. 5.6. For different
modulation formats and bit rates (defined by corresponding baud rates)
over a 200 m MMF link, we observe an obvious enhancement of the toler-
ance for the power loss, when keeping the same bit-rate. In general, a 2 dB
tolerance margin for the insertion loss is earned between the Leech24D-2
and PAM-4, with a reduced but still obvious difference between Leech24D-
2 and BB8 by averagely 1 dB. While all considered modulation formats
show similar power loss tolerance at the standard 7 % hard-decision feed-
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Table 5.4: The comparison of the BER performance vs. channel bit rate in OBTB
(upper rows) and over 200 m OM3 MMF (lower rows) between Leech24D-2, PAM-4, and
BB8 (unit Gbit/s).
FEC threshold Leech24D-2 PAM-4 ∆PAM−4 BB8 ∆BB8
7 % HD-FEC (OBTB) 106.2 102.5 3.7 106.2 0
KP-4 (OBTB) 100.0 92.1 7.9 96.7 3.3
KR-4/SR-4 (OBTB) 96.2 85.0 11.2 89.2 7.0
7 % HD-FEC (200 m OM3) 103.9 102.1 1.7 103.2 0.7
KP-4 (200 m OM3) 97.8 90.6 7.2 94.9 2.9
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Figure 5.6: Tolerance for loss vs. channel bit rate with Leech24D-2, BB8 and PAM-4
in OBTB and over 200 m OM3 MMF.
forward error correction (HD-FEC) threshold, at the KP-4 FEC threshold
(BER=2.2×10−4) 24-D format outperforms both the PAM-4 and 8-D coun-
terparts, especially for the higher bit rates.
5.6 Conclusion
In this chapter, we propose a new 24-D modulation format for IM-DD
transmission systems. It shows a significant gain at the low BER values
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compared to the standard PAM-4 modulation and 8-D formats, which im-
plies its potential in the high-speed short-reach communication scenarios,
where the use of low OH FEC schemes with minimized latency is crucial.
Meanwhile, the proposed modulation scheme enables a 100 Gbit/s trans-
mission over 200 m OM3 MMF link within the hardware limits.
The complexity of the realization of Leech24D-m is a major drawback,
where there are two main factors: (1) the decoding structure is complicated.
The cost on the design and power of the operation is therefore increased; (2)
it relies on a Golay en- and decoder. Even though the Golay codes are short
and straightforward, it adds the latencies, which may spoil all the benefits
earned from the complicated structure. The possible application scenario
may hide among the short-reach Ethernet connection of transmission range
from 100 m to kms, where low OH FEC scheme or even non-FEC scheme
is adopted. One typical application may follow the regulations according
to 100GBASE-DR, i.e. 802.3cd [6], which is under discussion.
Leech24D-m may be also used as a start point of constructing a rate-
flexible format family, which will be given in Chapter 8, and its application
in the sub-carrier system will be introduced in the same chapter. The
(de)modulation principles used are all based on the discussion in this chap-
ter.
The works presented in this chapter are summarized in the PAPER 4.
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Optimizing the utilization of hardware resources and achieving a flexi-
ble transmission is a fundamental objective in the design of intensity-
modulated direct-detection (IM-DD) transceivers using pulse amplitude
modulation (PAM). The conventional PAMs may underuse the system
resource, e.g. bandwidth or maximum output power. Besides, the rigid
PAMs with 1 bit per symbol, i.e. bit/sym, granularity are flexible enough
to support agile transmissions. However, by taking advantages of the ge-
ometric features inside the multi-dimensional PAM (MD-PAM) optimized
with a certain multi-dimensional (MD) densest lattice, we propose two fam-
ilies of formats, which enable the flexible multi-rate transmissions and the
smooth transition between different bit-rates.
In this chapter, we place the investigation on the performance of the new
format families in single carrier systems. In Section 6.1, the formalization
of the question is given, together with the principle of the rate-flexibility
from two different perspectives, which lead to two different designs of the
rate-flexible PAMs in different application scenarios. We discuss the for-
mation of E8Flex-m
1 and the corresponding modulation techniques in de-
tail in Section 6.2. It enables a flexible transition of bit-rate with finer
granularities down to 0.125 bit/sym. In the same section, a rate-flexible
IM-DD transceiver with a software-defined bit-rate up to net 100 Gbit/s,
using the newly designed format family E8Flex-m, is experimentally veri-
1Note that we reserve the lowercase m after a name of format to indicate the number











104 Multi-dimensional Rate Flexible PAM
fied. Such transceiver sufficiently utilizes the bandwidth resource and power
budget and benefits from the simplicity of the hardware implementation of
PAM-m modulators. By using fractional bit/sym2, we demonstrate a net
100 Gbit/s transmission over 200 m OM4 multi-mode fiber (MMF) and
gross 100 Gbit/s over 1 km standard single-mode-fiber (SSMF), where both
pulse amplitude modulation with 4 levels (PAM-4) and pulse amplitude
modulation with 8 levels (PAM-8) fail. In Section 6.3, we place emphasis
on the design principle, constellation scaling and shaping techniques and
numerical results of Jupiter-m. The possible advantages in multi-subcarrier
systems will be explored in the later chapter.
6.1 Multi-dimensional rate flexible PAM
6.1.1 Motivation
PAM formats carry an integer bit/sym; and the multi-dimensional formats
described in the previous chapters carry equivalent bits in each symbol.
It implies the bit-rate is an integer multiple of system baud-rate, i.e. a
granularity of 1 bit/symbol. One limitation of such formats lays in the
fact that the hardware resources may not be fully utilized. Concretely,
for a given link configuration, PAM-4 may underuse the available output
power to support the required signal-to-noise ratio (SNR) which guarantees
the successful transmission under a certain forward error correction (FEC)
threshold, i.e. the required bit error rate (BER), and provide unneces-
sary power margin; whereas stepping to PAM-8 can be hindered by the
insufficient power budget or insufficient SNR. Hence, we have to down-
scale the format to a smaller scale PAM-m, which implies a loss of bit-rate.
A schematic is illustratively shown in Fig. 6.1, in which the yellow tri-
angles in the left inset implies the areas where the system may underuse
the resources. Another major constraint of the integer granularity is the
rigidity to variations of transmission condition. It cannot provide agile
re-adjustments of the bit-rate according to the channel SNR at a time in-
stant. The (de)modulation for a fractional bit/sym is necessary for systems
equipped with a rate-flexible PAM. In the right inset of Fig. 6.1, the idea
is elaborated in principle. Equipped with constellations of fractional bits,
i.e. finer granularity (here 0.5 bit/sym as a concrete example), the step of
system requirement is reduced by half.
2Note that bit/sym indicates the number of bits per regular symbol, i.e. 1-D symbol
and bit/sup-sym indicates the number of bits per super-symbol.
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Figure 6.1: Schematic illustration of SNR vs bit-rate with the integer granularity of
1 bit/sym (left) and fractional granularity 0.5 bit/sym (right).
A solution to such gap is hidden in the modified multi-dimensional (MD)
modulation formats [60,70]. Such formats carry fractional bits per symbol.
In general, as discussed in Section 4.1, an n-dimensional PAM super-symbol
consists of n regular symbols. Extra bits added and removed from one
super-symbol are shared by n regular symbols, leading an average 1/n-bit
transition between bit-rate steps, namely finer granularity of 1/n bit/sym.
Applying a certain principle of the scale shift on a MD constellation leads
to a specific family of formats, which provides a serial of constellations with
various bit-rates according to the required SNR. Furthermore, such MD
formats enable rate-flexible transmissions. By fully utilizing the symmetry
and concision of certain MD lattice, a fast bit-to-symbol modulation and
its corresponding demodulation can be designed for a smooth transition
of bit-rates with a uniformed modulation framework, leading to a flexible
real-time bit-rate adjustment.
Two families of rate-flexible MD formats constructed with different prin-
ciples of constellation scale-gearing are discussed in this chapter. One stems
from the hierarchical partition of the constellation set, similarly as discussed
in Section 4.4.1, which leads to an eight-dimensional (8-D) rate-flexible
PAM, named as E8Flex-m. It consists of an 8-D format family, which has
a granularity of spectral efficiency down to 0.125 bit/sym and is equipped
with a uniformed (de)modulation framework. Another format family, on
the other hand, applies the so-called scaling and shaping techniques on
the twenty-four-dimensional (24-D) constellation sets, named as Jupiter-m,
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6.1.2 Formalization
In mathematics, a partition of a set is a grouping of the set’s elements into
non-empty subsets, and every element is included in one and only one of
the subsets. We define a partition of set A, P ⊆ P (A), if:
(1) ∀ B ∈P,B 6= ∅;




where P(A) is the set of the full enumeration of elements grouping for A.
Specifically, a bipartition is denoted as P2, which separates a set into
to two subsets. We denote the constellation set Cm as the n-dimensional




1 , · · · , Cml , · · · , CmL−1,
}
, m ∈ Z,
and obviously L = 2m. For removing one bit from the super-symbol, we
can simply separate alphabet Cm two orthogonal subsets Cm−1l and C
m−1
r ,
equivalent to find partition P leading to Cm = Cm−1l ∪Cm−1r and Cm−1l ∩
Cm−1r = ∅, in which the subscripts ’l’ and ’r’ indicate the ’left ’ set and the
’right ’ set, and normally Cm−1l ∼= Cm−1r , It means Cm−1l and Cm−1r are
isomorphic, implying that they keep the same intrinsic geometry, but may
differ with a specific linear operation, e.g. translation, reflection, rotation,
and scaling.
We define a format family C =
{
C1, C2, · · · , Cm−1, · · · , Cm, · · ·},
offering a serial of constellations with a scale L = 2, 22, · · · , 2m−1, 2m, · · · ,
carrying 1, 2, · · · ,m− 1,m, · · · bits. And the construction of a rate-flexible





2 , · · · , Pm−12 , · · · , Pm2 , · · ·
}
(6.1)
resulting in the hierarchy C1 ⊂ C2 ⊂ · · · ⊂ Cm ⊂ · · · . Ideally, it is pre-
ferred that ∀m, Cm ⊂ L, meaning that constellations in any hierarchical
level root in the same lattice. Yet, in the actual implementation, it is nor-
mally hard to realize. To relax the condition, we can regulate a periodical
return to lattice L. In form, ∀m, when m(modMp)≡ 0, Cm ⊂ L. In the
case of E8Flex-m, Mp = 4.
6.1.3 Bit-rate transition
Theoretically, for reducing the bit numbers, arbitrary bipartitions can be
used. Yet, the concrete design of the rate-flexible formats takes into account
i
i
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Figure 6.2: Constellation reduction via a direction bipartition.
more details on the way of constellation bipartitions, which results in two
major principles for constructing constellation series.
In general, there are two factors to be considered. One is the matched
geometric structures of constellation sets with the feature of signal space, or
equivalently the SNRn in each dimension, which keeps the optimal (maxi-
mum) utilization of the signal space for the followed subsets and guarantees
the achievable BER performance through the whole bit shifts.
Another factor is that the selected subsets are expected to keep the
symmetry of its parent set and the hierarchical structure of the lattice. It
is essential for keeping the simplicity and uniformity of the (de)modulation
schemes through the whole constellation family, which then enables the
smooth bit transitions.
Constellation shaping
The most straightforward way of downscaling the constellation set is to
select one of the subsets after a direct bipartition, which cuts the constel-
lation set by half in a certain dimension. A schematic illustration is shown
in Fig. 6.2 with the help of Z3 lattice as the analogy of 3-D space to elab-
orate the direct bipartition. A major benefit of such brutal method lays in
the fact that the intrinsic lattice structure remains in each subset, which
enables the possible simple and uniform (de)modulation schemes. Such
a set partition solution is natural for the cases where SNRn are various
at different orientations, i.e. dimensions. An example is the subcarrier
transmission over a colorful channel. The SNRs for each subcarrier are dif-
ferent. We will elaborate the principle on the construction of a rate-flexible
i
i
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format, together with extra constellation shaping techniques on a specific
lattice structure in later section. And we will discuss its application and
performance in a multi-subcarrier system in the later chapter.
However, for a single carrier MD-PAM, the SNRs for the temporally
adjacent symbols are theoretically equal, if we neglect the actual variations
due to the nonlinearity of vertical-cavity surface-emitting laser (VCSEL).
It is equivalent to visualize as filling hyperspheres into the signal space
with the same size in each dimension, i.e. a hypercube. The direct bi-
partition in this case, therefore, is no more compatible. The reduction of
occupancy in a certain dimension leaves unfilled space, implying the waster
of system resources, e.g. power. Alternatively, we can scale the constella-
tion in the corresponding dimension. It leads to the asymmetric minimum
mutual Euclidean distance (MMED) in different dimensions and remains
the overall MMED in the whole signal space. The impacts include (1) the
whole constellation set is equivalently skewed in the signal space, apart
from the original lattice set; (2) the impact from additive white Gaussian
noise (AWGN) is then unequal in each dimension, transforming from hy-
persphere into hyperellipsoid; (3) and the BER is determined mainly by the
dimension with the highest density, i.e. smallest MMEDs. Mathematically,
the extra scaling operation breaks the symmetry of the lattice. The subset
after scaling in one specific dimension, instead of the whole signal space, is
not the subset of its parent constellation set, or isomorphic to its coset of
bipartition.
Set-partitioning
One possible solution is to apply set partitions based on the intrinsic lat-
tice geometry, or well known as set-partitioning (SP). Such principle can
traces back to the famous set-partitioning algorithm on the conventional
quadrature amplitude modulation (QAM) [170,171]. The four-dimensional
(4-D) version for the bandwidth flexible transmission for coherent systems
has been well discussed in [63]. In our previous works, we extend such
scheme to an 8-D version, which utilizes the hierarchical topology of the
set partition. An illustrative example is shown in Fig 6.3, where a three-
dimensional (3-D) analogy is used to enhance the intuitive understanding.
In Fig 6.3, a simple cubic lattice Z3 is decomposed into two subsets, with
the body-centered cubic lattice (b.c.c), i.e. D3 of each. The occupancies
on each dimension of the separated subsets are equal. However, the overall
MMED is enlarged without scaling on a specific dimension. Note that such
i
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Figure 6.3: Constellation reduction via set-partitioning.
symmetric set-partitioning is not applicable for all kinds of lattices. While
E8 is one of these highly symmetric lattices.
6.2 Eight-dimensional rate-flexible PAM: E8Flex
As discussed above, we apply an 8-D set-partitioning rules to construct a
family of formats. It offers a 0.125-bit/sym granularity of the adjustment
on the spectral efficiency, i.e. finer rate steps. The (de)modulation is based




Formally, the input bit stream, B, is first divided into bit blocks, Bk, as B =
[ B0 B1 · · · Bk · · · ]T. For each input bit block Bk = [ b0k b1k · · · bek · · · bmk ]T




k · · · Sik · · · S7k ]T.
For each E8Flex-m super-symbol, Sk ∈ Cm, in which Cm is the correspond-
ing constellation set. E8Flex-m is geared to E8Flex-(m-1) by reducing the
scale of constellations from Cm to Cm−1 via the bipartition, Pm−12 . The
reduced bit is shared by 8 regular symbols, leading to a granularity equal to
0.125 bit/sym. The granularity of the data rate equals to 1/8 system baud
rate. Two indicative parameters are extracted, i.e. γ, δ ∈ N, γ = bm/8c,
and δ = mod(m, 8), in which b·c denoted as rounding down, i.e. floor func-
i
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tion. Apparently, γ gives the integer part of bits per symbol, whereas δ for
the fractional part.
Hierarchical set-division
In Section 4.4.1, we have elaborated the hierarchical structure of the sub-
set division of E8 lattice, i.e. LE8 . It offers a natural principle of the
set-partitioning we desire. A four-level partition is given from the E8 hier-
archical lattice structure, equivalent to a 4-bit scale-reduction, namely 0.5
bit/sym. We start from E8Flex-m, where m = 8γ, in which γ ∈ N. Obvi-
ously, Cm ⊂ LE8 . For applying the continuous set-partitioning, after every
four-bit reduction, the constellation should return to LE8 as discussed in
Sect. 6.1.2, so that we can further applying the bipartition serial Pm−12 .
Yet, rigorously Cm 6⊂ LE8 . To solve this, we applying extra operation on
the lattice grids, when mod(m, 8) = 4. The most intuitive way is rotat-
ing the grid set by pi/4 and scaling by a factor of
√
2. However, normally
we omit the scaling factor, as the normalization process will be anyways




as L′E8 . And then we can apply the set-partitioning rule again
to reduce the scale of constellation further. The relation shows like the
following in Eq. 6.2.




















Even though the subgroups for LE8 and L
′
E8
are differ from the ori-
entation, by using the symmetry principle, we can treat them as equiv-
alent, or isomorphic, i.e. LE8
∼= L′E8 . Thus, we can define a parameter
η = mod(δ, 4) to indicate the the level of hierarchy of the subgroup combi-
nation, and ρ = mod(m, 4) to indicate the cycle of the combinations. For a
more concrete illustration, the subgroup combinations with a specific level
η are shown Tab. 6.1-Tab. 6.4.
Groups of 2-D appearance
The hierarchy of the sub-group combinations shows that Cm with the same
ρ can be grouped into one, which share the similar two-dimensional (2-D)
projections, even though it may have more complicated temporal combi-
nations. The illustration of the 2-D appearances are shown in Fig. 6.4.
i
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Table 6.1: The combination of the sub-groups, η = 4, i.e. η = 0.
Θ Θ Θ Θ Φ Φ Φ Φ
Θ Θ Ω Ω Φ Φ Ψ Ψ
Θ Ω Θ Ω Φ Ψ Φ Ψ
Θ Ω Ω Θ Φ Ψ Ψ Φ
Ω Θ Θ Ω Ψ Φ Φ Ψ
Ω Θ Ω Θ Ψ Φ Ψ Φ
Ω Ω Θ Θ Ψ Ψ Φ Φ
Ω Ω Ω Ω Ψ Ψ Ψ Ψ
Table 6.2: The combination of the sub-groups, η = 3.
Θ Θ Θ Θ
Θ Θ Ω Ω
Θ Ω Θ Ω
Θ Ω Ω Θ
Ω Θ Θ Ω
Ω Θ Ω Θ
Ω Ω Θ Θ
Ω Ω Ω Ω
E8Flex-15 E8Flex-16  E8Flex-22 E8Flex-24 
E8Flex-m  
m=1-3 m=4-7 m=8-11 m=12-15 m=16-19 m=20-23 
Figure 6.4: 2-D appearances of E8Flex-m constellations.
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Table 6.3: The combination of the sub-groups, η = 2.
Θ Θ Θ Θ
Θ Θ Ω Ω
Ω Ω Θ Θ
Ω Ω Ω Ω
Table 6.4: The combination of the sub-groups, η = 1.
Θ Θ Θ Θ
Ω Ω Ω Ω
Multi-granularity modulation
From the symmetry of lattice, we can straightforwardly extract a relation
in Eq 6.3.
· · · Cδ ⊂ Cδ+8 ⊂ Cδ+8γ · · · (6.3)
More rigorously, the relation between Cδ+8γ and Cδ+8(γ+1) is expressed as
Eq. 6.4.






in which, βi ∈ { 0, 1 } and Li0 = [ 0, 0, · · · , Li0, · · · , 0 ]T, Li0 = 2γ+1.
Cδ+8(γ+1) can be treated as the extension of Cδ+8γ in the 8-D signal
space. Based on that, we can extend it to a more general form as expressed
in Eq. 6.5.
Cδ+8γ = Cδ + WD (6.5)
where W = [ W0 W1 · · · Wi · · · W7 ]T, Wi = [ w0i w1i · · · wνi · · · wγ−1i ],
wνi ∈ { 0, 1 }; and D = [ 2 22 · · · 2γ ]T. For an arbitrary Cm, when
m(mod8) ≡ γ, is just an extension of Cγ , or the tessellation of Cγ on a
simple hypercubic lattce Z8. Thus, it implies that the coded bits are used
to adjust the spectral efficiency with finer granularity; whereas the uncoded
bits modulate the signal like a regular PAM.
i
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Bits per symbol 
Figure 6.5: Monte-Carlo simulations of the theoretical SNR vs. bit per symbol for
E8Flex-m with different m with respect to three different FEC threshold, i.e. 7% HD-
FEC, KP-4 and SR-4/KP-4. (upper) SNR defined with average power per (regular)
symbol Es/N0. (lower) SNR defined with average power per bit Eb/N0.
Monte-Carlo results
We verify the theoretical performance of E8Flex-m by using the Monte-
Carlo simulation. Fig. 6.5 shows the results. We define the SNR with both
average power per regular symbol, i.e. Es/N0 shown in the upper inset of
Fig. 6.5, and the average power per bit, i.e. Eb/N0 shown in the lower
inset of Fig. 6.5. We find that required SNR of E8Flex-m for successful
transmission with respect to 7% FEC changes linearly and smoothly with
the increase of bit/sym, with the granularity of 0.125 bit/sym, reaching
a slope of 6.9 dB·sym/bit3 and 4.1 dB·sym/bit for Es/N0 and for Eb/N0.
For the transmission for FEC with lower overhead (OH), i.e. in the lower
noise regime, the general tendency of the change is linear, reaching the
slopes of 11 dB/bit and 14.5 dB·sym/bit for KP-4 and SR-4/KR-4 with
3dB·sym/bit comes from the dB for every bit per regular symbol i.e. dB/(bit/sym).
i
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Es/N0 respectively. The values are averaged by bits to 4.2 dB·sym/bit and
4.1 dB·sym/bit for KP-4 and SR-4/KR-4 accordingly. The general slopes
for the required SNR defined as Eb/N0 are similar. It is noteworthy that
there are plateau-liked structures with periods of every four bit/sym. It is
especially obvious when the SNR is defined as Eb/N0. This structure comes
from the lattice E8Flex-m of different m relies on. As discussed before,
∀m(mod 4) ≡ 0, E8Flex-m returns to a subset of E8, which offers the
densest structure in 8-D space. It is known from the previous discussions
that formats following the densest lattice possess the optimal asymptotic
performance, which reflected as large improvements of sensitivity when
entering the low noise regime with respect to the low OH FEC. Yet, for the
standard 7% HD-FEC, due to the increase of neighbors, each constellation
point is surrounded by more points and surfers from the server impact of
noise. For ∀m(mod 4) 6≡ 0, the intrinsic structure of constellation points
are apart from the densest one. Therefore the improvement gaps between
spectral efficiency steps are not as large as ones for the E8 based ones.
6.2.2 Symbol-wise modulations
Mapping
As mentioned before, for each super-symbol of E8Flex-m carrying m bits,
two indicative parameters are extracted, i.e. γ, δ ∈ N, γ = bm/8c, and
δ = mod(m, 8). Obviously, m = 8 · γ + δ, in which γ indicates the depth of
modulation and a 2γ+1-level PAM modulator is required for each regular
symbol, and δ indicates the number of bits shared by 8 regular symbols,
resulting in a fractional number of bit per symbol, which equals to δ/8
bits/sym.
A m-bit section in the input bit stream is fed into a register of 8(γ+1)




k · · · aek · · · a8γ+7k ]T, which consists of two sections as
in Eq. 6.6.
ak = [ hk | gk ]T (6.6)




k · · · hik · · · h7k ]T is used for the
modulation of fractional bits, which reads as Eq. 6.7.
hk = [ 0 0 · · · 0︸ ︷︷ ︸
8−δ
| b0k · · · bδ−1k ]T (6.7)
It is filled with bits b0k to b
δ−1
k by pending 8− δ zeros in front of them. And




k · · · gek · · · g8γ−1k ]T indicates the bit section for the integer bit
i
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modulation. It is expressed as Eq. 6.8.
gk = [ b
δ
k · · · bmk ]T (6.8)
Based on hk, we need also define a flag register, i.e. the controlling bits, fk =
[ f0k f
1
k · · · f ik · · · f7k ]T, which switches on/off the bit-stream according to
the scale of constellation, i.e. the number of effective fed-in bit stream. It
is expressed as in Eq. 6.9.
fk = [ 0 0 · · · 0︸ ︷︷ ︸
8−δ
| 1 1 · · · 1︸ ︷︷ ︸
δ
]T (6.9)
The bit-to-symbol mapping consists of two phases. The coded bits for
the finer granularity are first processed and saved in the register, as the pre-




k · · · tik · · · t7k ]T.






k ∧ f2 + t0k ∧ f2 (6.11)
t2k = h
2
k ∧ f1 + t0k ∧ f1 (6.12)
t3k = h
6
k ∧ f5 + ( t0k ⊕ t1k ⊕ t2k ) ∧ f5 (6.13)
t4k = h
1
k ∧ f0 + t0k ∧ f0 (6.14)
t5k = h
5
k ∧ f4 + ( t2k ⊕ t3k ⊕ t4k ) ∧ f4 (6.15)
t6k = h
4
k ∧ f3 + ( t1k ⊕ t2k ⊕ t5k ) ∧ f3 (6.16)
t7k = t
0
k ⊕ t1k ⊕ t2k ⊕ t3k ⊕ t4k ⊕ t5k ⊕ t6k (6.17)
After that, the symbols are modulated as the regular PAM-m modulator,
similar to the Eq. 6.184.
Sik = h
0




in which, i = 0, 1, · · · , n− 1.
Principles for IC design
Fig. 6.6 shows a schematic illustration of the proposed bit-wise modulation
in a possible integrated circuit (IC) design. The left inset elaborates the
4Note that for convenience, the results of Eq. 6.18 is scaled by a factor of 2.
i
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Figure 6.6: The principle diagrams of the IC design for decoding E8Flex-m: (left) the
schematic illustration of the bit-stream modulation. (right) the schematic flow chart for
the bit operation. S-Switcher; bi-information bits; fi-controlling bits.
principle of the bit-wise modulation with multi-granularity. For the input
bit-section, γ bits are used to generate finer granularity. They are pre-
processed through a bit operation block and converted into pre-processed
bits tk. They are fed, together with the reset of input bits, into a regular
PAM-m modulator.
The right inset of Fig. 6.6 explains the details of the pre-processing
block. The flag register fk turns on/off the input ports. When it is on, i.e.
f ik = 1, output ports directly use the bit streams from the corresponding
input ports. When it is off, i.e. f ik = 0, the input port is prohibited and
no input stream is accepted. The output ports use the bits generated and
calculated by bits from other input ports and the bits saved in the caches.
6.2.3 Symbol-to-bit demodulation
According to the bit-to-symbol mapping rules, the corresponding demod-
ulation is straightforward. We define the estimated bit sequence b̂k =
[ b̂0k b̂
1
k · · · b̂ek · · · b̂mk ]T for the k-th E8Flex-m super-symbol. The register




k · · · âek · · · â8γ+7k ]T, where




k · · · ĥek · · · ĥ7k ]T and




k · · · ĝ8γ−1k ]T, follows Eq. 6.19.
âk = [ ĥk | ĝk ]T (6.19)
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And the estimated bit sequence can be extracted from the cached bits as
Eq. 6.20.




k · · · â8γ+7k ]T (6.20)
The procedure of demodulation follows Eq. 6.21-Eq. 6.28.
ĥ0k = mod(R̂
0−7
k , 2) (6.21)
ĥ1k = mod((R̂
4
k − ĥ0k)/2, 2) (6.22)
ĥ2k = mod((R̂
2
k − ĥ0k)/2, 2) (6.23)
ĥ3k = mod((R̂
1
k − ĥ0k)/2, 2) (6.24)
ĥ4k = mod((R̂
6
k − ĥ0k)/2, 2) (6.25)
ĥ5k = mod((R̂
5
k − ĥ0k)/2, 2) (6.26)
ĥ6k = mod((R̂
3
k − ĥ0k)/2, 2) (6.27)
ĥ7k = mod((R̂
0
k − ĥ0k)/2, 2) (6.28)
And each element is expressed as in Eq. 6.29.
ĝ8ν+ik = mod((R̂
i
k − ĥ0k)/2ν+2, 2) (6.29)
in which, ν = 0, 1, · · · , γ − 1 and i = 0, 1, · · · , 7.
6.2.4 Hierarchical soft-decision for E8Flex-m
As E8Flex-m roots in the E8 lattice and is derived from BB8 as discussed
in Chapter 4, it can reuse the hierarchical soft-decision (SD) schemes. The
schematic illustration of the hierarchical SD is shown in Fig. 6.7. The whole
structure of a four-level soft-decision is used only when η = 4, as discussed
in Sect. 4.4.5. As a special case, E8Flex-16, i.e. BB8 in chapter 4, use the
four-level SD. However, when η = 3, only half of such SD framework is
used, namely the number of candidate points and decisions are reduced by
half. Specially, when η = 1, only two candidate points are selected and
one extra SD is required. Constellations in this special case are actually
generated to a 4-D constellation based on D4 lattice [60]. However, it is
beyond the scope of this thesis.
The simplicity of the decision structure is also an important considera-
tion when choosing between formats in the same family.
i
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Figure 6.7: The principle of the hierarchical soft-decision for E8Flex-m.
6.2.5 100 G transceiver
By applying the proposed 8-D format family, we demonstrated a rate-
flexible transceiver which supports a 100 Gbit/s transmission. The details
of the designing considerations and the performance regarding different
system aspects are discussed in this section.
Experimental setups
Fig. 6.8 depicts the structure of the testbed. 850 nm VCSELs of differ-
ent types, i.e. a multi-mode (MM) VCSEL, and two single-mode (SM)
VCSELs coupled with MMF and 850 nm single-mode fiber (SMF) pigtails
respectively, were used as optical signal sources. The -3 dB bandwidth of
the MM-VCSEL and SM-VCSELs reach 18 GHz and 20 GHz respectively.
The optical output power reaches 4 dBm for the MM-VCSEL when biased
at 8 mA, 0.5 dBm for the MMF-coupled SM-VCSEL biased at 2.8 mA,
and -1.7 dBm for the SMF-coupled SM-VCSEL biased at 2.8 mA. The
lasers were modulated by the electrical signal of 0.75 Vp-p from an 8-bit
arbitrary waveform generator (AWG) of 64 Gsa/s and ∼ 22 GHz analog
bandwidth. After transmitted through the fiber links of different lengths,
the optical signal was received by a calibrated photoreceiver module with
the co-packaged trans-impedance amplifier (TIA). Its -3 dB bandwidth
reaches 22 GHz. The electrical signal was then sampled by an 8-bit digital
storage oscilloscope (DSO) of ∼ 33 GHz analog bandwidth with the sam-
pling rate of 100 GSa/s.
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Figure 6.8: Schematics of the experimental setup for a E8Flex-m supported 100 G
IM-DD transceiver.
At the transmitter, for each measured trace, 30M-bit input streams were
generated randomly for each measurement point for avoiding the pattern
dependent effects and mapped with the fast E8Flex-m mapper. After inter-
leaving, the symbol sequences were resampled to the desired baud-rate and
shaped into raised cosine/root raised cosine pulses (α = 0.32). The output
sequences were pre-emphasized, for compensating the electrical spectral
roll-off of the transmitter. After transmitted through the physical channel,
the signal is processed in the oﬄine digital signal processing (DSP) at the
receiver side. The received electrical signal was resampled into two times
of the baud-rate, and after sequence synchronization it was equalized by
a T-2 fractional feed-forward equalizer (FFE) of 16 taps, together with an
amplitude correction. After de-interleaving, the output bit streams were
decided by a hierarchical soft-decision and converted by the corresponding
E8Flex-m de-mapper. The detailed configuration of the experimental setup
is listed in Tab. 6.5.
Choice of laser
For determining the best system configuration, we first placed the emphasis
on the choice of lasers between MM VCSEL and SM VCSEL. It is clear from
the upper inset of Fig. 6.9 that in the optical back-to-back (OBTB) case, the
overall performance of an MM-VCSEL is worse than the SM-VCSELs with
both MMF and SMF pigtailed. The capacity difference reaches 10 Gbit/s
i
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Table 6.5: The parameters of the experiment setup for a E8Flex-m supported 100 G
IM-DD transceiver.
Parameter Symbol Value Unit
Sequence length - 215 -
Symbol rate - 32-50 GBaud
Bit-rate - 100 Gbit/s
Formats - E8Flex-m/PAM-4 -
Bias current MM-VCSEL Immbias 8 mA
Bias current SM-VCSEL Ismbias 2.8 mA
wavelength λ 850 nm
Modulation amplitude Vpp 0.75 V
AWG analogy frequency fAWG−3 dB ∼ 20 GHz
AWG sampling rate - 64 GSa/s
AWG vertical resolution - 8 bit
DSO analogy frequency fDSO−3 dB ∼ 33 GHz
DSO sampling rate - 100 GSa/s
DSO vertical resolution - 8 bit
VCSEL pigtail - SMF/MMF -
SMF length LSMF 1000 m
MMF length LMMF 50/100/200/500 m
PR bandwidth fPR−3 dB 22 GHz
PR Gain G -80/-70 V/W
PR Output noise NPR 590 µVrms
PR Impedance ZPR 50 Ω
Ambient temperature T 22 ◦C
at 7% hard-decision feed-forward error correction (HD-FEC) threshold;
whereas the gap extends to 15 Gbit/s at KP-4. The comparison between
the SM-VCSELs of SMF and MMF pigtails shows that the MMF-pigtailed
VCSEL provides slightly better BER performance in case of OBTB. A de-
tailed comparison between these two lasers with respect to the 7% HD-FEC
through OM4 MMF of different lengths are shown provided in the lower in-
set of Fig. 6.9. For cases of OBTB and 100 m MMF link, because of higher
output power at the biased current, the performance of MMF-pigtailed
SM-VCSEL is slightly better. However, the SMF-pigtailed SM-VCSEL sig-
nificantly outperforms the MMF-pigtailed one over fiber longer than 200 m.
i
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Specifically, the difference is enlarged to one magnitude when the gross bit-
rate reaches 100 Gbit/s.
It stems from the fact that the VCSEL-fiber coupling behaves like a
mode filter. The SMF pigtail supports only the fundamental, filtering the
higher order modes, performing as a single mode selector. At the pigtail-
fiber coupling phase, in most of the cases, the pigtails are aligned with the
center of the transmission fiber. The fundamental mode in the pigtail is
mainly converted into the fundamental mode in the transmission line, with
less power excited into other modes. The modes excitation in the MMF pig-
tail and the modes conversion during the pigtail-fiber coupling is, however,
more complicated. The signal is normally carried by modes of different
group velocities, resulting in server inter-modal dispersions. Meanwhile,
the SMF-pigtailed SM-VCSEL provides a possibility of transmission over
standard ITU-T G.652D compliant SMF, i.e. SSMF, where the SSMF per-
forms as few mode fiber (FMF). Thus, for further investigations into the
features of the proposed transceiver scheme, the SMF-pigtailed SM-VCSEL
is used.
Bandwidth requirement
Fig. 6.10 shows the OBTB performance for different numbers of bits carried
by each super-symbol, i.e. bit/sup-sym, with various baud-rates. The red
dot curve gives the gross 108 G threshold with respect to the 7% HD-FEC
threshold. The parameter combinations above the threshold enable a pre-
FEC bit-rate faster than 108 Gbit/s. The parameters chosen from the
shadowed area enable the net 100G transmission and beyond. From this
area, it implies that 22 bit/sym in 40 Gbaud systems is a fair choice. It
gives a trade-off between bit-rate and system bandwidth, providing a gross
rate, i.e. pre-FEC rate, of 110 Gbit/s. In addition, the modulation and
demodulation are easier for super-symbols with m=22, i.e. η = 2. Thus, in
the later tests, we use 40 Gbaud for the system investigation and 32 Gbaud
as a reference, which corresponds to 5 and 4 Gbit/s rate granularity respec-
tively.
Achievable bit-rate
Fig. 6.11.(a) analyzes the achievable bit-rate of systems equipped with dif-
ferent formats from E8Flex-m. The OBTB performance of SM-VCSEL
shows a transmission potential up to 110 Gbit/s within the power bud-
get of our experimental setup. THe achievable pre-FEC bit-rate starts to
i
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Figure 6.9: The performance comparison between different lasers and fiber links for
100 G IM-DD transceiver: (upper) BER performance vs. channel capacity for different
types of VCSEL modules in OBTB mode; (lower) BER difference between MMF- and
SMF-pigtailed SM-VCSELs vs. channel capacity for different MMF links at 40 Gbaud
symbol rate with respect to the 7% HD-FEC threshold at 3.8×10−3.
saturate at 23 bit/sup-sym because of the limited power as shown in the
right inset of Fig. 6.11.(b). It implies that E8Flex-22 has a near optimal
utilization of the laser output power; and at 22 bit/sup-sym, the net 100 G
transmission is possible. Another interesting point is E8Flex-21. Even
though it has a lower bit-rate and lower achievable bit-rate, it has the sim-
plest hierarchical soft-decision structure among the formats from E8Flex-16
to E8Flex-23. Therefore, it can be also a good format candidate for the
100 G system that we desire.
6.2.6 Performances
After determining the specifications for investigations, we experimentally
verify the performance of E8Flex-m in various system aspects, including
the reach extension and tolerance for the power penalty.
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Bits per supersymbol 
E8Flex-27 
7% FEC limit 
E8Flex-15 
Optical Back-to-back 
SMF pigtailed SM-VCSEL  
Parameter Sweet Spot 
40 Gbaud, 22 bits/ss 
110 Gbit/s bit-rate 
5 Gbit/s granularity 
KP-4 pre-FEC 
KR-4/SR-4 pre-FEC 
Figure 6.10: The pre-FEC bit-rate with different parameter combinations: numbers of
bits per super-symbol and symbol rate.
Comparison between E8Flex-m and PAM signal
Comparing with PAM signal as in Fig. 6.12, we believe that with both
PAM-4 and PAM-8 at any symbol rate, the 100 G net transmission is
hardly achievable, but it can be provided by 40 Gbaud E8Flex-m, using
fractional numbers of bits per symbol. Specifically, it is noteworthy that
E8Flex-16 and E8Flex-24 formats, which have the same bit/sym as to PAM-
4 and PAM-8, i.e. 2 bit/sym and 3 bit/sym respectively, outperform their
conventional PAM counterparts due to the optimized geometrical features
as discussed in Chapter 4. The details are listed in the Tab. 6.6.
Reach
Fig. 6.13 gives the maximum reach vs. the bit-rate under the BER limits of
different FEC schemes. The maximum reach values are estimated by fitting
the transmission results of over 50, 100, 200, 500 m and 1 km MMF links.
It is worth mentioning that SSMF provides a gross 100 G transmission over
1 km link and outperforms the 500 m MMF link by the capacity distance
i
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Figure 6.11: Achievable pre-FEC bit-rate for different numbers of bits per super-
symbol.
Table 6.6: The comparison of the optical back-to-back performance, i.e. BER v.s.
pre-FEC data rate, between E8Flex-22, E8Flex-24, E8Flex-16, PAM-4, and PAM-8 (unit
Gbit/s).
FEC threshold E8Flex-22 E8Flex-16 E8Flex-24 PAM-4 PAM-8
7 % HD-FEC 113.2 105.1 112.6 106.6 109.1
KP-4 98.3 97.2 96.5 90.2 -
KR-4/SR-4 80.8 89.1 - 81.0 -
product.
Power penalty
Power penalty is estimated in Fig 6.14 for different data rates over 100 m
MMF (left) and 1 km SSMF (right) links respectively. The general linear-
ity of power penalty (i.e. SNR) vs. capacity (bit/sup-sym) curves offers
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Figure 6.12: BER vs. pre-FEC bit-rate in OBTB mode for conventional PAM and
E8Flex-m.
convenience in designing the capacity aware transceivers.
6.3 Twenty four-dimensional rate flexible PAM:
Jupiter
In the previous section, we discuss a multi-rate PAM family based on a
hierarchy of set-partitioning on the E8 lattice. In this section, we construct
a 24-D format hierarchy with flexible bit-rate based on the Λ24 lattice as
discussed in Chapter 5, named as Jupiter. The design philosophy is differ-
ent with E8Flex-m. It adopts the direct extension/partition of constellation
set in each dimension, following the principle discussed in Sect. 6.1.3 and
leading to a natural compatibility to a hypercuboid signal space, i.e. in-
consistent length for different dimensions or equivalently unequal SNR.
6.3.1 Nomination
The name of Jupiter stems from the symbol of Jupiter as Fig. 6.15. We
reserve two different nomination rules of Jupiter for differentiating various
i
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@ 7% FEC 
+15 G 
Figure 6.13: Maximum reach vs. channel capacity for 7% overhead hard-decision FEC
















































100 m MMF 
Figure 6.14: Maximum power loss tolerance vs. channel capacity for 100 m OM4 MMF
link (left) and 1 km SSMF link (right).
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6.3 Twenty four-dimensional rate flexible PAM: Jupiter 127
Figure 6.15: Symbol of Jupiter, known as the symbol of 24.
cases. The lowercase name Jupiter-m indicates a 24-D format based on
the Λ24, with 12 2-D projections, loaded with the same constellation as
Jupiterp-mp on each projection. Jupiter-m carries m bits for each super-
symbol, with average mp bits per projection, and obviously m = 12mp.
Meanwhile, the uppercase JUPITER-M represents the 24-D super-symbol,
in which M = [ m0 m1 · · · m23 ]T denoted as the average bits carried
by each regular symbol. Sometimes we also denote JUPITERp-Mp, where




p · · · m11p ]T, denoted as the average bits for per 2-D projec-
tion. It is then obvious that for Jupiter-48 is equivalent to the Leech24D-2
as discussed in Chapter5, which equals to JUPITER-2I24×1 or JUPITERp-
4I12×1, where I is the identity matrix, and all of them have the same pro-
jection Jupiterp-2.
6.3.2 Formalization
We assume for all Jupiter-m discussed here with m > 24. For a certain
Jupiter-m, we can first extract an indicative parameter ∆m = m−24, which
indicates the number of bits which are not modulated for constructing the
Λ24 primitive cell.
As discussed as Eq. 5.3, Leech24D-m is constructed by the nesting of
the primitive cell L024 on the lattice grids of Z
24. Referring to Eq. 6.5, we











i · · · Dγii ]T; Di is the lattice constant in i-th
dimension, and usually ∀i ∈ { 0, 1, · · · , 23 }, Di ≡ D0; γi indicates the
depth of the tessellation in i-th dimension. Vi = [ vi,1 vi,2 · · · vi,γi ], Vi
is the bits section used for the tessellation. ei is a 12-element vector, with
11 zero elements except the i-th element equal to 1. Thus, is it obvious
that Jupiter-m is actually the tessellation of the primitive cell of Leech24D,
with different depth of nesting on the Z24 lattice.
Concretely, the input bit steam B is separated into m-bit sections Bk,
as B = [ B0 B1 · · · Bk · · · ]T, with Bk = [ b0k b1k · · · bek · · · bmk ]T
i
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128 Multi-dimensional Rate Flexible PAM
of each m-bit section, mapped into the regular symbol sequence Sk =
[S0k S
1
k · · · Sik · · · S23k ]T. For each Jupiter-m super-symbol5, Sk ∈ Cm,
in which Cm is the corresponding constellation set. m-bit section Bk is
further divided into sections, reading as:
Bk = [ B
0
Λ24 | V0 | · · · | Vi | · · · | V7 ]T (6.31)
where the first 24 bits in B0Λ24 is used to construct the primitive cell and
the rest sections Vi used for the constellation extensions in each dimension.





By using such direct constellation extension, extra bit can be fed in the
modulation framework. Such technique is straightforward. It increases the
number of bits carried by each super-symbol and enables a rate-flexible
transmission. However, it has two major drawbacks which can hardly solve
by simple constellation extensions. The first one lays in the principle of
tessellations. It uses the primitive cells as the building blocks. This im-
plies a fact that the minimum bit/sym is limited by the ‘brick’s, equal to
1 bit/sym. According to the 2-D projections of C0Λ24, it is apparent that
an arbitrary and direct chopping of the C0Λ24 breaks the dependences of
the lattice. It means that the lattice structure Λ24 of is no more preserved.
More rigorously, the structure of Λ24 is based on the extended Golay code
as expressed in Eq. 5.1. After simple chopping, the subscripts of the re-
mained constellations points is no more a codeword of the Golay codes, i.e.
P 6∈ VG .
The second difficulties for the direct constellation extension is that after
the extension, the size of the constellation set is not uniformed for different
dimensions. More concretely as in Fig 6.16, we use the constellation in a
certain projection as an illustrative example.
Even though we have mentioned previously that the constellation shap-
ing based rate-flexible is naturally compatible for the SNR varying channels,
for example the colorful channel with various SNRs for each subcarrier, the
above-mentioned direct extension technique is not sufficient. For a concrete
example, both in-phase (I) and quadrature (Q) components in one subcar-
rier share the same SNR, as they are subject to the same channel conditions.
5Note that we omit the subscript of CmJupiter for concision.
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Figure 6.16: The illustrative example for the drawbacks of the direct constellation
extension.
Therefore, the constellations in one projection should be symmetric enough
and have equal scales in both dimensions.
One solution is to apply a set partitioning on the primitive cell, similarly
like what is applied to E8Flex-m. However, one major constraint is that
there are too many constellation points and the geometrical dependence for
Λ24 is not clear. Neither greedy search algorithm nor careful selection from
the individual projection intuitively is realistic for construction the format
hierarchy.
Therefore, a set of new constellation re-mapping techniques is proposed
in this chapter.
6.3.3 Constellation re-mapping techniques
Similarly, the basic idea of the constellation re-mapping for achieving sim-
ilar occupancies in each dimension of one projection plane is also based
on the extension, i.e. translating the constellation points by certain times
i
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130 Multi-dimensional Rate Flexible PAM
of lattice constant. However, differing from the direction constellation ex-
tension, in which the same operation applied on the whole constellation,
the constellation re-mapping techniques apply an anisotropic operation on
the different part of the parent constellation. More concretely, the parent
constellation is divided into different groups. For constellation points in
each group, they have the same constellation extension rules, but towards
different directions.
Jupiterp −mp, when m = 2, 4, 6 are equivalent to projections belong-
ing to Leech24D-1, Leech24D-2 and Leech24D-3 respectively. We shall
not repeat these again. In the following, we emphasize the modulation
of Jupiterp-3, Jupiterp-5 and Jupiterp-1 successively, which correspond to
1.5 bit/sym, 2.5 bit/sym and 0.5 bit/sym respectively.
Re-mapping for Jupiterp-3
Jupiterp-3 adds one extra bit to one 2-D projection without destruct the
primitive cell of Λ24, leading to 3 bit per projection, i.e. an average
1.5 bit/sym for the symbols within the corresponding projection.
We assume that one JUPITER symbol Sk consists of 12 2-D projections,





T, ∀j ∈ 0, 1, · · · , 11 . Without
loss generality, we only consider the principle of adding extra bit into the
projection Pj . It implies that the bit sections [V2jV2j+1]
T contains one
bit as [V2jV2j+1]
T = [v0j ]
T, ∀j ∈ {0, 1, · · · , 11 }.
Conserving the intrinsic lattice structure, the bits is first modulated
into pre-processed symbol ti. according to Eq. 6.33-Eq. 6.34 (i.e. Eq. 5.16-
Eq. 5.17) using the first 24 bits in B0Λ24 .
t2j = mod( 2 · ((xj ∧ yj)⊕ zj) + wj + xj ⊕ yj , 4 ) (6.33)
t2j+1 = 2 · ((xj ∧ yj)⊕ zj) + xj ⊕ yj (6.34)
for modulating the extra bit Vj for the j-th projection, we use a constella-
tion re-mapping techniques. First we calculate the pre-mapping parameter
ς2j , %2j , ς2j+1, and %2j+1, which follows Eq. 6.35-Eq. 6.38.
ς2j = (wj ∧ xj ∧ yj ∧ zj) ∨ (wj ∧ xj ∧ yj ∧ zj) ∨ (wj ∧ yj ∧ zj) (6.35)
%2j = (wj ∧ xj) ∨ (wj ∧ zj) ∨ (yj ∧ zj ∧ wj) (6.36)
ς2j+1 = (wj ∧ yj ∧ zj) ∨ (wj ∧ xj ∧ yj ∧ zj) ∨ (wj ∧ xj ∧ yj ∧ zj) (6.37)
%2j+1 = %2j (6.38)
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Figure 6.17: The illustration of the constellation re-mapping for Jupiterp-3, with
1.5 bit/sym.
the output symbols are then modulated according to Eq. 6.39-Eq. 6.40.
S2j = t2j + 4 · vj(1− 2ς2j)%2j (6.39)
S2j+1 = t2j+1 + 4 · vj(1− 2ς2j+1)%2j+1 (6.40)
The intuitive illustration of the constellation re-mapping of Jupiterp-3 is
shown in Fig. 6.17. The output constellation is very close to a square,
which fits the hypercubic signal space. The constellation differs from a
square with an extra 45◦ rotation. For the single carrier PAM, a simple
inverse 45◦ rotation operation is necessary, which reduces the number of
level on the projection in each dimension, i.e. each regular symbol. For
multi-subcarrier systems, such operation is not inevitable, as the channel
condition depends on the SNR, which is not orientation sensitive.
Re-mapping for Jupiterp-5
For a Jupiterp-5, three extra bits are added to one 2-D projection for main-
taining the lattice structure of Λ24, leading to 5 bit per projection, i.e.
an average 2.5-bit/sym spectral efficiency (SE) for the symbols within the
corresponding projection.
The bit sections for extra bits in j-th projection contains three bits
as [V2jV2j+1]





T, ∀j ∈ {0, 1, · · · , 11 }. The constellation re-
mapping starts from the construction of the primitive cell by calculating the
pre-processing symbols t2j and t2j+1 as previously mentioned in Eq. 6.33-
Eq. 6.34. For modulating the extra three bits, the pre-mapping symbols τ2j
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Figure 6.18: The illustration of the constellation re-mapping for Jupiter-5, with
2.5 bit/sym.
and τ2j+1 are first calculated as Eq. 6.41-Eq. 6.42 following the direction
constellation extension mentioned previously.
τ2j = t2j + 4 · v0j + 4 · (v0j ⊕ v1j )(2− v0j ) (6.41)
τ2j+1 = t2j+1 + 4 · v1j + 4 · (v0j ⊕ v1j )(2− v1j ) (6.42)
And the output symbols reuse the pre-mapping symbols by applying the
re-mapping rules as Eq. 6.43-Eq. 6.44
S2j = τ2j − 12 · ϑ2j (6.43)
S2j+1 = τ2j+1 − 12 · ϑ2j+1 (6.44)
in which, ϑ2j and ϑ2j+1 give the re-mapping condition, which follow the
threshold behavior as Eq. 6.45.
ϑ2j/ϑ2j+1 =
{
1 τ2j/τ2j+1 > 9
0 τ2j/τ2j+1 ≤ 9 (6.45)
An intuitive illustration of the constellation re-mapping is shown in Fig. 6.18.
The output constellation is the same with 128-QAM. However, applying the
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Re-mapping for Jupiterp-1
To implement Jupiterp-1, one needs to take away one bit from a certain
projection. This means the primitive cells have to be broken and separated
into subsets. It means that an arbitrary division o of the constellation
destruct the lattice. We have known from Sect. 5.2 that a constellation
point on one j-th projection is uniquely determined by a set of indices, as
(wj , xj , yj , zj). wj is shared by all projections. It implies that the subset
selection based on wj involves symbols in all projections. However, the
direct selection based on the xj , yj , and zj returns asymmetric constella-
tions. It, therefore, underuses the signal spaces and adds difficulties to the
realizations.
The principle of the bit reduction on a certain projection is based on
the bit-level redundancy on the index zj , namely zj ≡ 0. The bit operation
of the rest indices wj , xj , and yj follows Eq. 6.46-Eq. 6.47 to generate the
pre-processing symbols t2j and t2j+1.
t2j = mod( 2(˙xj ∧ yj) + wj + (xj ⊕ yj), 4 ) (6.46)
t2j+1 = 2 · (xj ∧ yj) + xj ⊕ yj (6.47)
The output symbols reuse the pre-mapping symbols by applying the re-
mapping rules as Eq. 6.48-Eq. 6.49
S2j = t2j (6.48)
S2j+1 = t2j+1 − 4 · ϑ2j+1 (6.49)
in which, ϑ2j+1 give the re-mapping condition, which follow the threshold
behavior as Eq. 6.50.
ϑ2j+1 =
{
1 t2j+1 > 2
0 t2j+1 ≤ 2 (6.50)
An intuitive illustration of the constellation re-mapping is shown in Fig. 6.19.
The output constellation has 8 points. Rigorously, the constellation is not
totally symmetric for both dimensions in the projection. Yet, as discussed
before, for the multi-carrier transmission system, the symmetry of such
constellation is sufficient considering the benefits from concision.
It is noteworthy that, zj is not totally independent through whole 12
projections. It implies that maximumly only 11 projections can be loaded
with Jupiterp-1 simultaneously. This seems not perfect, but for the ap-
plications of multi-subcarrier systems, this is reasonable, for that multi-
subcarrier modulations are usually used to enhance the spectral efficiency.
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Figure 6.19: The illustration of the constellation re-mapping for Jupiterp-1, with
0.5 bit/sym.
Therefore, at least one projection has a format large than Jupiterp-1, i.e.
0.5 bit/sym, is necessary and reasonable. Otherwise, we can utilize a much
easier way of implementation, e.g. PAM with lower baud-rate, instead of
the complicated multi-subcarrier modulation schemes. Searching a more
symmetric set of rate-flexible constellations based on Λ24 can rely on more
rigorous group theory, which is far beyond the scope of this thesis, and will
be considered in the future works.
Demodulation
The demodulation of Jupiter-m is similar to its Leech24D-m counterparts.
The only difference where we should pay attention is that the hard decisions
used for selecting the candidate point set are based on different thresholds,
for that the subsets for Jupiterp-m, when m 6= 2, 4, 6, are not similar. They
have different structures according to the corresponding direction in 2-D
projections, which shifts the threshold from the A2 lattice.
6.4 Discussion
In this chapter, we discussed two rate-flexible MD PAM with different de-
sign rules. We propose a new flexible and fast 8-D format family and ex-
perimentally verify it within an 850 nm VCSEL based optical transceiver
scheme, using a hierarchy of the set bipartition on the E8 lattice. The
proven merits of E8Flex-m include: (1) a smooth and swift software defined
transition between bit-rates without altering the hardware configuration or
executing the resampling; (2) higher sensitivity in the low noise regime;
(3) optimized usage of the hardware resources; (4) easy (de)mapping and
i
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(de)modulation procedures, as it utilizes the PAM-m signal basis; (5) it is
intrinsically compatible with the future industry standard of multi-lane op-
tical interconnects, e.g. octal small form-factor pluggable (OSFP) or quad
small form-factor pluggable double density (QSFP-DD). A single format
in the E8Flex-m family can serve as a format for a specific fixed bit-rate
system, offering more flexibility on the trade-off between the bandwidth
utilization and performance in the system design. Apart from the 8-D
rate-flexible format, we extend the 24-D PAM equipped with the granular-
ity of one bit per regular symbol to 0.5-bit steps, and further extend it to
a rate-flexible version, named as Jupiter, utilizing the lattice structure of
Λ24. Compared with the E8Flex-m family, Jupiter is naturally compatible
with SNR varying system, meaning the required SNR in each dimension is
unequal. We will show the benefits of such feature when applying it into a
12-subcarrier carrier-less amplitude phase modulation (CAP) transmission
system. In the next two chapters, we will discuss the performance of the
multi-subcarrier transmissions loaded with the rate-flexible MD formats.
Besides the IM-DD scenario, the rate-flexible PAM can also be considered
as a candidate of the format for the bit-rate flexible transmission in the
coherent systems.
The work summarized here is presented in PAPER 3.
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The bandwidth limitation of the optical components is a major constraint
for the vertical-cavity surface-emitting laser (VCSEL) based intensity-
modulated direct-detection (IM-DD) systems. It reins the further de-
velopment of the pulse amplitude modulation (PAM) signal, especially
non-return-to-zero (NRZ), which imposes even higher requirements on the
integrated circuit (IC) designing. However, on the other hand, the multi-
subcarrier modulation (MSM) systems divide the channel into multiple
orthogonal branches and transport signal through each of them indepen-
dently, so that the demanding requirements on the high-speed components
are relieved. In addition, the finer spectral granularity provided by a MSM
system fully utilizes the bandwidth resource and, therefore, maximizes the
effective data rate. Further, for the time-varying channel, e.g. multi-mode
fiber (MMF), the MSM system equipped with adaptive and flexible chan-
nel management on the resource allocation, e.g. bandwidth and power,
via bit-loading and power-loading are naturally tolerant for the channel
variations.
In the previous chapters, we discussed the multi-dimensional (MD)
PAM over single carrier channels. From this chapter, we investigate into
the applications of MD modulation format in the MSM systems, among
which two typical schemes specifically used for the IM-DD cases are dis-
cussed, i.e. discrete multi-tone modulation (DMT) and carrier-less ampli-
tude phase modulation (CAP), and reveal the benefits the MD formats
bring for the performance of a MSM system in various aspects.










138 Multi-Subcarrier: Eight-Dimensional DMT
(OFDM), DMT has been treated as one of the promising formats for fur-
ther boosting the data rate in an IM-DD system [45, 46, 198]. DMT uti-
lizes the Hermitian symmetry to generate a real-valued output signal af-
ter fast Fourier transform (FFT) computation. It is straightforward in
an IM-DD system. Compared with other technique schemes of modified
OFDM adapted for IM-DD systems, where the up- and down-conversion
are required, such signal conversion can be efficiently realized in the digital
signal processing (DSP).
In the conventional DMT, two-dimensional m-ary quadrature amplitude
modulation (QAM) formats, i.e. m-QAMs, are loaded on each subcarrier.
Similar to cases of different multi-dimensional PAM (MD-PAM) [64, 199],
a better bit error rate (BER) sensitivity is expected in DMT transmission
by loading MD formats, i.e. MD coded modulations, on the subcarriers.
The MD DMT benefit from the intrinsic MD geometric features of the
densest lattice in the corresponding MD signal space. Such improvement
can be further converted into the merits, e.g. the enhanced data rate, the
extension of reach, and the tolerance for the insertion loss and thermal
effects with respect to a given BER level. In addition, MD bit-loading has
a finer spectral efficiency (SE) granularity, e.g. 0.25 bit instead of 1 bit per
subcarrier1 for E8Flex-m. By doing so, we can adopt a direct bit-loading
scheme without the complicated optimal power-loading algorithm. This
enables a fast response to the channel variation, which is important for the
low-latency, low-complexity optical interconnects.
In this chapter, we demonstrate novel DMT schemes with four-
dimensional (4-D) and eight-dimensional (8-D) bit-loading, using an 850 nm
18 GHz multi-mode vertical-cavity surface-emitting laser (MM-VCSEL)
and achieving a net bit-rate over 100 Gbit/s in terms of 7% forward er-
ror correction (FEC), and investigate its benefits from different aspects,
e.g. the reach, the tolerance of insertion loss and thermal effects.
7.1 DMT in general
From this chapter, we start with formalizing the principle of the DMT
transmission and formulating the so-called MD formats loaded DMT.
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7.1.1 Multi-subcarrier transmission
The MSM transmissions use multiple subcarriers to transmit signal.
We denote the sequence of the MSM symbols with a matrix D˜ =
[ d0 d1 · · · dm · · · ], in which, dm = [ d0m d1m · · · dνm · · · dNsc−1m ]T is
a MSM super-symbol containing Nsc symbols corresponding to Nsc subcar-
riers. dνm is the m-th symbol on the ν-th subcarrier. The MSM signal in







Obviously m, ν ∈ Z, ν ∈ [ 0, Nsc ]; Ts is the time duration of each symbol;
gν(t) denotes the pulse shape on the ν-th carrier, which follows:
gν(t) = G(t)ej2pifνt (7.2)
in which G(t) is the pulse shaping function; fν is the frequency of the ν-th
subcarrier.
For demodulating the signal, we can use the corresponding matched







where r(t) is the received signal; ŝmν is the estimated symbol.
7.1.2 OFDM
For OFDM, the subcarriers are orthogonal, even though the sub-bands
overlap. Thus, ideally no further inter-carrier interference (ICI) is intro-
duced. The orthogonality is expressed in Eq. 7.4.
fν − fν′ = ζ 1
Ts
(7.4)
in which, indices ν and ν ′ denote two arbitrary carriers; and ζ ∈ Z. As long
as the subcarrier frequency is selected from the set of orthogonal frequency,
the corresponding bands are independent and no ICI is introduced.




1 · · · qTm · · ·
]T
,
with a time interval of Ts/N , it samples the m-th slot, qm, into N points,
as qm = [ qm·N qm·N+1 · · · qm·N+µ · · · qm·N+m−1 ]T, and the µ-th sample
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is denoted as qm·N+µ; Obviously µ ∈ [ 0, N − 1 ]. For OFDM, we use the
pulse shaping function, G(t), follows:
G(t) =
{
1 for 0 < t ≤ Ts
0 for t ≤ 0 or t > Ts
(7.5)
Then, we can separate a single OFDM symbol (or m-th time slot) and
focus on it, i.e. omitting the subscript m. The µ-th sampling point in the
N -element vector q, i.e. d[µ], is expressed in Eq. 7.62.
d[µ] = qµ =
Nsc−1∑
ν=0
dν · ej2pi νµN (7.6)
If Nsc = N , for a more concise and compact form, we rewrite the above
relation into Eq. 7.7.
q = F˜ · d (7.7)
in which, F˜ = [Fνµ] ∈ CN×N , for each Fνµ = ej2pi
νµ
N , ν, µ ∈ [ 0, N − 1 ].
The matrix conducts a inverse discrete Fourier transform (IDFT), formally,
as:
q = DFT −1 {d} (7.8)
in which DFT −1 {·} is a N -point IDFT. Correspondingly, the estimated
symbol d̂ can be simply achieved from the received samples q′ by applying
a N -point discrete Fourier transform (DFT) as:
d̂ = DFT {q′} (7.9)
where q′ is the sampling points received3, from the m-th time slot of the
received signal r(t) with time intervals of Ts/N . Eq. 7.8 and Eq. 7.9 imply
that we can utilize DFT and IDFT to realize the OFDM (de)modulation
[201]. Further, by using the FFT/inverse fast Fourier transform (IFFT)





2Note that we use notation [·] only for the sampling point, which has physical meaning,
like the uploading sequence to AWG.
3Note that here we implicitly assume that q,q′,d, d̂ ∈ CN×1.
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7.1.3 DMT
While the conventional OFDM uses complex signal for the modulation,
namely in Eq. 7.1, dνm ∈ C, DMT is a real-valued version of OFDM, which
generates real signal output. Compared with the complex valued OFDM,
DMT is more compatible for the modulation of IM-DD systems. Yet, for
DMT we use 2N -point IFFT to generate the N -point real output sequence.
Considering a d ∈ C2N×1, the outputs sequence q ∈ R2N×1 is generated
after IFFT/FFT when d posses the Hermitian symmetry, which can be
realized by using the condition as:
d2N−ν = d†ν (7.10)
in which ν ∈ [ 1, N − 1 ], and uniquely d0, dN ∈ R. Due to the redun-
dancy, only N points is used for modulation, instead of 2N . It is actually
understandable, as normally the intensity modulated signal uses only the
amplitude modulation but not phase component, which loses half of the
degree of freedom.
At the receiver side, the estimated symbol can be retrieved by applying
FFT as Eq. 7.9.
7.1.4 Cyclic prefix
MMF channels surfer from the inter-modal dispersion, which imposes dif-
ferent group velocities for signal in different mode groups, which leads to
the inter-symbol interference (ISI) between DMT symbols, spoils the or-
thogonality between subcarriers, and further results in ICI. To solve this
problem, we add the cyclic prefix (CP) [202].
Assume we transmit signal over MMF with length LMMF , and vgmin
is the minimum group velocity and vgmax is the maximum group velocity
among all the mode groups. The maximum signal delay caused from the
inter-modal dispersion is estimated as:
td =
LMMF
‖vgmax − vgmin‖ (7.11)
Considering a Ng-point CP, the ICI free condition is expressed as:
td < Ng · Ts
N
(7.12)
For adding the CP, we need simply extend the N -point transmitting se-
quence q to a (N +Ng)-point transmitting sequence q
′ as:
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in which q−c = [ qN−Ng/2 · · · qN−1 ]T and q+c = [ q0 · · · qNg/2−1 ]T.
7.1.5 Clipping ratio
Since each subcarrier of DMT is modulated independently, occasionally the
high amplitude appears in the same time slot, leading to the high peak-
to-average power ratio (PAPR). The PAPR can be formally defined as
Eq. 7.14 [200].







The modulation range for VCSEL is positive determined and limited.
Especially, for avoiding the negative signal going below the threshold, we
need to bias the laser and limit the modulation amplitude. On the other
hand, we use the arbitrary waveform generator (AWG), which has the fixed
output amplitude. However, the adaption of the uploading signal to the
maximum range of AWG output leads to a reduced effective signal power
for each subcarrier. Therefore an amplitude clipping is used to limit the




q(t) for ‖q(t)‖ 6 Q
0 otherwise
(7.15)
in which Q is the amplitude limits. We can also define the relative clipping
ratio as [200]:







7.1.6 Power-loading and bit-loading
Normally the channel for a VCSEL data link is colorful, i.e. the frequency
response of not flat. One major reason is that the phase relation of high-
frequency components is not stable because of the differential mode delay
(DMD), leading to the amplitude cancellation. Additionally, such channel
is also time-varying, for that the modes excitation and coupling is very
sensitive to the fiber bending and fluctuations. Therefore, for taking the full
advantages of the channel resource, e.g. bandwidth and signal-to-noise ratio
(SNR), a bit-loading strategy should be adopted. It means that we need
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Figure 7.1: A schematic illustration for DMT bit-loading scheme with QAMs of gran-
ularity of 1 bit per subcarrier.
to load the subcarriers of different SNRs with formats of different spectral
efficiency, namely constellations of different scale. When the SNR is high,
we load large constellations, which carry more bits; When the SNR is low,
we shrink the constellation size and ensure the successful transmission with
a lower data rate. For conventional cases, we can simply realize such bit-
loading scheme by using a serial of m-QAMs, scaling from 2-QAM (i.e.
BPSK) carrying 1 bit/sc to 128-QAM carrying 7 bit/sc4. Such m-QAM
family offers a constellation gearing with the granularity of 1 bit/sc. The
schematic illustration is shown in Fig. 7.1.
Meanwhile, such coarse bit-loading scheme leaves non-optimal utiliza-
tion of the channel resources, e.g. SNR and power. Thus, we adopt an ad-
ditional power-loading algorithm to cooperate with the bit-loading, which
multiplies an amplitude gain coefficient to each subcarrier according to the
SNR condition and constellation scale, and remains the total power of the
signal the same. During the process, we reduce the gain coefficient for
the channel with surplus power and transfer the budget to the channel
with insufficient power. With the debit and credit of power, we expect a
better and balanced utilization of the channel resource. The optimal bit-
loading and power-loading can be achieved by applying the water-filling
algorithm [203]. Limited by the space, we do not explain here the details.
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It is noteworthy that, for time-varying channels, the channel condition for
the subcarriers changes continuously. It implies that for keeping the opti-
mal transmission, the optimal bit- and power-loading algorithm need to be
conducted repetitively based on the channel monitoring.
7.2 DMT with finer granularity
As mentioned above, the bit-loading algorithm with the granularity of
1 bit/sc requires repetitive re-adjustment of the constellation scales and
gain coefficients of the subcarriers. It imposes high computational con-
sumptions and increases the complexity of the actual implementation. In
this section, we focus on the DMT with a finer granularity, i.e. <1 bit/sc.
We will elaborate the benefits of such bit-loading scheme and discuss the
possible realizations.
7.2.1 DMT with bit-loading of finer granularity
For achieving the bit-loading with finer granularity, we can assume a serial
of constellations, which have steps of bit adjustment smaller than 1 bit/sc,
i.e. a certain fractional number. Fig 7.2 shows the possible modulations
of the DMT with a finer granularity. We use 0.25 bit/sc, if without loss of
generality, as an example to show the features of the possible formats with
finer granularity. It is clear that subcarriers adapt better the channel re-
sponses with the decrease of the bit-steps. Especially for the high-frequency
subcarriers, which cannot be loaded by any signal in the conventional DMT
with 1 bit/sc, are now carrying information with fractional bits, like the
subcarrier illustratively indicated in purple at the tails of the frequency
response, as shown in Fig 7.2. Such finer adaption to the channel response
brings a more thorough utilization of the bandwidth resources. No major
waste of SNR is left between the spectral efficiency steps, even when the
power-loading algorithm is non-optimal.
It can be mathematically proven that a direct bit-loading scheme with
finer SE steps for the constellation loaded without extra power-loading
brings additional SNR benefits compared with the coarse bit-loading scheme
with the optimal power-loading. Limited by the space, it is not elaborated
here and left as ‘homework’ for readers. The benefits of such so-called di-
rect bit-loading algorithm are more than the simple benefits for the SNR
benefits, but is also found in the flexibility of the system. With the direct
bit-loading, no repetitive readjustment of the power gain efficient is not
i
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Figure 7.2: A schematic illustration for DMT bit-loading scheme with finer granularity:
0.25 bit/sc as an example.
necessary to repeat after a certain period of transmission and synchronize
signal on the subcarriers, which impose a heavy burden on latencies. With
direct bit-loading, the system only needs to monitor the channel condition,
e.g. SNR, and re-adjust the constellation scale on the subcarrier individu-
ally, without the necessity of channel information of other subcarriers. By
doing so, the subcarriers become truly independent and a flexible and agile
transmission system becomes possible.
7.2.2 Realization of finer granularity
For the realization of the finer granularity, or equivalently the fractional
bit/sc, there are different solutions. One straightforward solution is using
the hybrid formats. For a concrete instance, for achieving 1.5 bit/sc, we
can transmit 2-QAM and 4-QAM alternatively. However, such a scheme
is not ideal, as the SNR on each channel is roughly the same. The BER
performance depends on the symbols requiring higher SNR.
Alternatively, similarly as discussed in Chapter 4, we can consider us-
ing the MD formats, which imposes similar requirements on SNR for each
subcarrier. From the previous mentioned rate-flexible MD formats, candi-
date formats include the 4-D set-partitioning (SP) QAMs, 8-D E8Flex-m,
and twenty-four-dimensional (24-D) JUPITER-M. In this chapter for DMT
modulations, we will focus on the former two and leave JUPITER-M for
the next chapter in CAP transmission. Following, we shall elaborate the
i
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way of construction the MD signal space for a DMT transmission system.
7.2.3 Multi-dimensional signal space in DMT
As mentioned in Sect. 7.1, the symbols for a MSM system can arranged in
a matrix D˜Nsc×∞, which naturally offers two degrees of freedom, namely
carrier frequency fν , or simply represented by ν, and time slot represented
by subscript m. It implies that to construct a n-dimensional virtual signal
space, one can choose any n symbol slots in D˜. The orthogonal basis set is
represented by Π = { (m0, ν0), (m1, ν1), · · · , (mi, νi), · · · , (mn−1, νn−1) }.
Two typical construction of MD signal space include the intra-symbol mod-
ulation and inter-symbol modulation.
Intra-symbol modulation
Intra-symbol modulation is the case when the n-dimensional signal space
spanned by the orthogonal basis represented by the set Π whenm0=m1=· · ·
=mn−1. It means that the orthogonal basis is found within one symbol.
Such construction is natural, but not suitable for the case of DMT for
three reasons: (1) the number of subcarriers, i.e. Nsc, for a DMT symbol
is large (>100). Therefore, either formats with very high dimensionality
(i.e. n = Nsc) are required, or an n-element subset need to be chosen from
these Nsc symbols. However, the difficulty is that unless Nsc is integer
times of n, implying that the subcarriers are grouped into Nsc/n groups,
no full utilization of the subcarrier can be guaranteed. (2) since the channel
is assumed to be colorful, conditions of grouping the subcarriers with the
same SNR without power-loading are not always ensured. It means that
either the signal space is constructed by dimensions with unequal SNR, or
extra power-loading is required, which takes away the desired benefits as
discussed before. (3) the channel is time-varying, which implies that the
optimal grouping of orthogonal basis changes from time to time.
The intra-symbol modulation is, however, natural for the 24-D CAP
loaded with JUPTIER-M as discussed in Chapter 8. We will elaborate
the details later. In this chapter for DMT we adopt an alternative scheme,
known as inter-symbol modulation.
Inter-symbol modulation
The inter-symbol modulation requires the orthogonal basis Π when m0 6=
m1 6= · · · 6= mn−1, meaning that the basis is found in n different sym-
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Figure 7.3: A schematic illustration of the construction of 8-D signal space for DMT
with the four consecutive time slots on the same subcarrier.
bols. For a more specific case, ν0=ν1=· · ·=νn−1, which implies that the
n-dimensional signal space is found within the same subcarrier. In the
DMT for this chapter, we impose a more strict condition, i.e. mi = m0 + i,
∀i ∈ Z∪ [ 0, n− 1], and i ∈. It means that the orthogonal for spanning the
n-dimensional signal space is found in the subcarrier with the same carrier
frequency fν of n consecutive MSM symbols. The reason for using such
constructions is mainly based on the fact that the channel condition, i.e.
SNR, is adiabatic, meaning that the change of condition is gradual during
the transmission and much more slowly than the symbol rate. Therefore,
a stable MD signal space is more easily found within the same subcarrier
than the same symbol. However, the drawback seems also obvious that
due to the presence of the nonlinearity of VCSELs and the time-dependent
behavior, the subcarriers surfer from ICI, which spoils the benefits of MD
modulations. In Fig. 7.3, the construction of the 8-D signal space is illus-
tratively explained.
7.2.4 DMT loading four-dimensional formats
We use 4-D formats to achieve the 0.5-bit/sc granularity. To apply such
formats in the IM-DD system, we combine two consecutive DMT symbols
in one super-symbol to create the 4-D signal space on each subcarrier.
Symbols on each subcarrier are complex, i.e. two-dimensional (2-D) real
i
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Table 7.1: Modulation formats of 4-D bit-loading.
Bits/sc 0.5 1 1.5 2
Formats BPSK BPSK PS-QPSK PDM-QPSK
Bits/sc 2.5 3 3.5 4
Formats 32-SP-QAM PDM-Star-8QAM 128-SP-16QAMM PDM-16QAM
Bits/sc 4.5 5 5.5 6
Formats 512-SP-32QAM PDM-32QAM 2048-SP-64QAM PDM-64QAM
Bits/sc 6.5 7
Formats 8192-SP-128QAM PDM-128QAM
space. We assume that after using the CP, the ISI is small enough to
guarantee the orthogonality of the desired 4-D super-symbols. Tab. 7.1
shows the modulation formats used corresponding to different numbers of
bit/sc per DMT symbol5. For the subcarriers loaded with integer bits
per symbol, i.e. even bit numbers every two symbols, we choose regular
polarization division multiplexing (PDM)-mQAM. For achieving the finer
granularity, we load 4-D formats to the subcarriers having a half-integer
number of bit/sc, i.e. odd number of bits per super-symbols, meaning
0.5-bit/sc scale of each symbol. For bit/sc >2, we use modified m-SP-
QAM, which can be derived from PDM-mQAM by applying Ungerbo¨ck’s
set partitioning scheme [172]. For constellations with 1.5 bits/sc, we use
polarization switching quadrature phase shift keying (PS-QPSK), which
has been proven most power efficient [56]. For 0.5-bit level, we simply
duplicate the BPSK signal in two consecutive symbols. Gray mapping is
used in bit-to-symbol mapping for the regular PDM-mQAMs, whereas it
is not applied to 4-D SP formats, where it is no more optimal.
7.2.5 DMT loading eight-dimensional formats
For 8-D case, we load 8-D formats to achieve the 0.25-bit granularity. We
combine four consecutive DMT symbols on one subcarrier into a single
super-symbol, to create the 8-D signal space. Each super-symbol is then
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Figure 7.4: Schematics of the experimental setup for MD DMT.
loaded by an 8-D E8Flex-m. The (de)modulation of E8Flex-m has been
explained in detail in Chapter 6.
7.3 Testbed
Fig. 7.4 depicts the schematics of the experimental setup. We used an
850 nm MM-VCSEL as the light source. It has an optical power output
of 6.5 dBm and 3 dB bandwidth at 18 GHz when biased at 18.2 mA. It
was modulated by the electrical signal of 1Vpp. The VCSEL was mounted
on an evaluation board (EVB) with the wire bonding. We adopted a pair
of aspherical lenses to collect the light emitting from the laser. The lenses
were mounted on the motorized stage with a mechanical resolution < 2 nm.
The stage was then connected and controlled by a centralized computer.
We used an adaptive algorithm to recouple the laser automatically. The
VCSEL was placed on a heat sink, which was controlled by a thermoelectric
cooler (TEC) controller, with adjustment resolution around 0.2 ◦C.
At the transmitter, the input bit streams were mapped into 4-D (or 8-D)
super-symbols, and each super-symbol symbol was further divided into two
(four) regular complex symbols. We added training symbols occupying
the 1% of the total sequence. The sequence was then converted to the
time domain with the IFFT. An 8-point CP was attached to each symbol.
The signal is further serialized by a parallel-to-serial converter. The pre-
processed sequence was then uploaded to a 64 GSa/s 8-bit AWG of 22 GHz
analog bandwidth. The sequences were generated randomly every time
i
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before uploading, avoiding the impact from the patten dependent effects.
After transmission through spools of OM3 MMF, the optical signal was
received by a calibrated 22 GHz 850 nm photoreceiver. Data traces were
captured by an 80 GSa/s digital storage oscilloscope (DSO), with 5.2×107
samples for each. At the receiver side, the time window was synchronized
before parallelizing the sequence and removing the CP. A fast Fourier
transform (FFT) was used to convert the signal to the frequency domain.
The signal was processed by 1-tap equalization, whose tap coefficients were
obtained from the training sequence. The output bit sequence was then
obtained after a bit-to-symbol de-mapping.
For each DMT, we allocated 256 subcarriers equal to 512 sampling
points in each DMT symbol but filled 191 subcarriers, equal to 24 GHz.
The modulation amplitude was limited by an optimal amplitude clipping
ratio of 8.5 dB. For more detailed information on the parameters for an
8D-DMT transmission system, please see Tab. 7.2. The parameters for a
4D-DMT system are similar to Tab. 7.2.
7.4 Experimental results
7.4.1 DMT loaded with four-dimensional PAMs
We verified the performances of DMT with 4-D bit-loading and conven-
tional QAMs in an optical back-to-back (OBTB) transmission and over
100 m and 200 m OM3 MMF. Fig. 7.5 shows an example of the bit-loadings
with and without half-bit 4-D formats loaded in an OBTB transmission. As
expected, the 4-D bit-loading adapts better the channel frequency response.
The insets show the constellations of some typical modulation formats for
both bit-loading solutions.
In Fig. 7.6, the experimental BER results are illustrated. The purple
curves present the 4-D bit-loading, whereas the green ones give the results
of the conventional scheme. For OBTB transmission, both modulations
have a gross data rate of 126 Gbit/s at 7% FEC threshold, whereas the
new modulation format outperforms with a rate increase of 7.1 Gbit/s at
the 2.7% FEC threshold of 100BASE-SR4 and a rate increase of 4.2 Gbit/s
at the 5.8% FEC threshold of 100BASE-KP4. For transmission over 100 m
OM3 MMF, a gross line rate of 118 Gbit/s, equal to net 103.9 Gbit/s, is
obtained at 7% FEC threshold and a 12.8% rate increase for the 4-D bit-
loading at the 2.7% FEC threshold and a 6.2% increase for 5.8% KP-4 FEC.
A gross line rate of 93 Gbit/s is archived over 200 m OM3 MMF above 7%
i
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Table 7.2: The parameters of the experiment setup for verifying the 8D-DMT in a
100 G IM-DD system.
Parameter Symbol Value Unit
Sequence length - 215 -
Symbol rate - 0.15 GBaud
Bit rate - 60-130 Gbit/s
Formats - 8D-DMT/DMT -
Bias current Ibias 18.5 mA
Output power - 6.5 dBm
wavelength λ 850 nm
Modulation amplitude Vpp 1 V
AWG analogy frequency fAWG−3 dB ∼ 20 GHz
AWG sampling rate - 64 GSa/s
AWG vertical resolution - 8 bit
DSO analogy frequency fDSO−3 dB ∼ 33 GHz
DSO sampling rate - 80 GSa/s
DSO vertical resolution - 8 bit
VCSEL type - Multi-mode -
VCSEL pigtail - MMF -
MMF length LMMF 0-250 m
PR bandwidth fPR−3 dB 22 GHz
PR Gain G -80/-70 V/W
PR Output noise NPR 590 µVrms
PR Impedance ZPR 50 Ω
Ambient temperature T 20-80 ◦C
FEC threshold. The 4-D bit-loading enables a >70 Gbit/s transmission
over KP-4 threshold where the conventional one fails. The tendency of
capacity increase also remains for the regimes of lower required BER. The
net rate is with respect to 7% FEC threshold. The detailed values are listed
in Tab. 7.3
7.4.2 DMT loaded with eight-dimensional PAMs
The concrete instances of the power loading (PL) coefficients in Fig. 7.7(a),
(b), BER in Fig. 7.7.(c), (d) and SNR in Fig. 7.7(e), (f) of different subcar-
riers in a transmission of 110 Gbit/s (pre-FEC) over 100 m MMF are illus-
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Figure 7.5: An example of the DMT transmission using bit-loading with QAM (upper)
and 4-D formats (lower).
Table 7.3: BER vs. pre-FEC rate using DMT loading QAM and 4-D formats (unit
Gbit/s).
FEC threshold QAM (net) 4-D DMT (net) ∆ ∆ %
7 % HD-FEC OBTB 125.6(110.6) 126.1(111.1) 0.5(0.4) 0.4
KP-4 OBTB 99.5(87.7) 103.7(91.4) 4.2(3.7) 4.2
KR-4/SR-4 OBTB 81.6(71.9) 88.7(78.1) 7.1(6.3) 8.7
7 % HD-FEC 100 m OM3 116.7(102.8) 118.0(103.9) 1.3(1.1) 1.1
KP-4 100 m OM3 89.1(78.5) 94.6(83.3) 5.5(4.8) 6.2
KR-4/SR-4 100 m OM3 69.3(61.0) 78.2(69.3) 8.9(7.8) 12.8
7 % HD-FEC 200 m OM3 92.6(81.6) 93.7(82.5) 1.1(1.0) 1.2
KP-4 200 m OM3 69.2(61.0) 74.5(65.6) 5.3(4.7) 7.7
KR-4/SR-4 200 m OM3 - - - -
trated with two loading schemes, i.e. the conventional QAMs and E8Flex-m
without the power-loading. The optimal power-loading algorithm adapted
is similar to [203]. From the comparison of the power gain coefficient of
both bit-loading schemes as shown in Fig. 7.7(a) and (b), we observe a serial
of power coefficients with much smaller fluctuations. From Fig. 7.7(e) and
i
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Figure 7.6: Gross and net data rates of BTB, 100 m and 200 m MMF transmission
with (purple) and without (green) 4D bit-loading. Note that the net data rates indicated
refer to 7% FEC.
(f), a better adoption to the channel response can be observed for the 8-D
DMT, different from large bit steps of the conventional DMT. The insets
in both Fig. 7.7(e) and (f) shows some typical constellations of format used
for both cases.
Pre-FEC bit-rate
The BER changing with the increasing pre-FEC rate in the OBTB trans-
mission as Fig. 7.8.(g) and over 100 m OM3 MMF as Fig. 7.8.(h) are ini-
tially investigated with three different loading schemes, i.e. the conven-
tional QAMs (azure triangle), E8Flex-m with power-loading (lemon grass
circle) and without power-loading (tiffany blue diamond). On the 7% hard-
decision (HD) FEC (3.8× 10−3) limits, the performances keep similar, i.e.
∼116 Gbit/s for OBTB and ∼110 Gbit/s for the fiber link. On the limit
of KP-4 (2.2 × 10−4), E8Flex-m with and without power-loading earn the
benefits of 9.2 Gbit/s and 6.3 Gbit/s over the conventional QAM loading
scheme, reaching 94.0 Gbit/s and 91.1 Gbit/s respectively when transmit-
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Figure 7.7: The performance comparison between the 8-D DMT compared and the
conventional DMT: Coefficients of power-loading with QAM bit-loading (a) and 8D bit-
loading (b); BER of different subcarriers with QAM bit-loading (c) and 8-D bit-loading
(d); SNR of different subcarriers with QAM bit-loading (e) and 8-D bit-loading(f).
ted over 100 m MMF. Such gaps extend to 12.7 Gbit/s and 7.8 Gbit/s,
giving the pre-FEC rate of 84.6 Gbit/s and 79.7 Gbit/s on the limit of the
100GBASE SR-4/KR-4 (1.46×10−5). The benefits in the high SNR regime
come from the enlarged minimum mutual Euclidean distance (MMED) and
vanish in the low SNR regime due to the denser format configuration in
MD space. In addition, it can be mathematically proven that the total
energy is smaller by matching the channel response using bit-loading with
finer granularity than adjusting the amplitude using optimal power-loading
algorithm, leading the extra BER sensitivity. See more details in Tab. 7.4.
Reach extension
As in Fig. 7.9, the three loading schemes have similar reach in terms of
7% FEC. Meanwhile, the differences on the low overhead FEC limit are
ineligible. An average 10 Gbit/s benefit is archived by E8Felx-m power-
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Table 7.4: BER vs. pre-FEC rate using the schemes of 8-D bit-loading with and without
power-loading as well as the bit-loading with conventional QAMs with power-loading
(unit Gbit/s).
FEC threshold QAM E8Flex w./o. PL ∆ E8Flex w. PL ∆
7 % HD-FEC OBTB 115.0 115.2 0.2 116.4 1.4
KP-4 OBTB 95.3 100.7 5.4 102.7 7.4
KR-4/SR-4 OBTB 84.2 92.1 7.9 94.6 10.4
7 % HD-FEC 100 m OM3 108.6 109.8 1.2 109.6 1.0
KP-4 100 m OM3 84.8 91.1 6.3 94.0 9.2




































100 m OM3 MMF 
Figure 7.8: BER vs. pre-FEC rate using the DMT schemes of 8D bit-loading with
(lemon grass circle) and without (tiffany blue diamond) power-loading as well as the
bit-loading with conventional QAMs with power-loading (azure triangle) in optical back-
to-back (g) and 100 OM3 MMF (h).
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Figure 7.9: Bit-rate vs. transmission reach using the DMT schemes of 8-D bit-loading
with (lemon grass circle) and without (tiffany blue diamond) power-loading as well as
the bit-loading with conventional QAMs with power-loading (azure triangle) at different
FEC threshold.
loading over QAM on KP-4, which increases to 12 Gbit/s on KR-4/KR-4.
Similar features occur when switching off the power-loading, with the gaps
of 6 Gbit/s and 8 Gbit/s respectively. Such benefits can be converted
to the extension of reach. On KP-4, E8Felx-m power-loading can convey
40 m longer with the same rate (85.5 Gbit/s) achieved by QAM through
100 m. Such merits can be also obtained on KR-4 with the extension of
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Table 7.5: Bit-rate vs. transmission reach using the schemes of 8-D bit-loading with and
without power-loading as well as the bit-loading with conventional QAMs with power-
loading at different FEC threshold (unit m).
FEC QAM E8Flex w./o. PL ∆ E8Flex w. PL ∆
7 % FEC 0/100 0/100 ∼ 0/∼ 0 0/100 ∼ 0/∼0
KP-4 0/100 88.2/139.9 88.2/39.9 104.5/161.2 104.5/61.2
KR-4/SR-4 0/100 92.1/149.6 92.1/49.6 122.4/167.8 122.4/67.8
Tolerance for the insertion loss
As illustrated in Fig. 3(b), there is no obvious difference of among bit-
loading schemes on the tolerance, i.e. the reduction of rate per dB loss,
on 7% FEC. The general tendency remains linear with 4 Gbit/s reduced
in 1 dB power loss. For lower FEC limits, E8Felx-m are more tolerant to
the attenuation with respect to the same data rate. Initially, E8Felx-m
power-loading can accept a 4.4 dB power loss when it conveys bit at the
same rate with the highest rate (87 Gbit/s) of QAM on KP-4. On KR-4,
with 5.5 dB less power, E8Felx-m can transmit as fast as QAM.
Table 7.6: Bit-rate vs. power loss using the schemes of 8D bit-loading with and without
power-loading as well as the bit-loading with conventional QAMs with power-loading at
different FEC threshold (unit dB).
FEC threshold QAM E8Flex w./o. PL ∆ E8Flex w. PL ∆
7 % HD-FEC 0 0 - 0 -
KP-4 0 3.6 3.55 0 4.5
KR-4/SR-4 0 4.4 4.4 0 5.1
Tolerance for the thermal degradations
Generally, the rates decrease linearly with the increase of laser temperature.
However, the BER gaps between different modulation schemes offer the
benefits of the thermal tolerance. For the KP-4 limit, E8Felx-m power-
loading has a 22 ◦C margin for transmitting faster than the conventional
QAM with the achievable rate (90 Gbit/s) at 20 ◦C. Such thermal tolerance
i
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Figure 7.10: Bit-rate vs. power loss using the DMT schemes of 8-D bit-loading with
(lemon grass circle) and without (tiffany blue diamond) power-loading as well as the bit-
loading with conventional QAMs with power-loading (azure triangle) at different FEC
threshold.
extends to 34 ◦C on the KR-4/SR-4 limit, meaning that the E8Felx-m
power-loading has the same bit-rate (75 Gbit/s) at 54 ◦C as the one for the
conventional QAM at 20 ◦C.
Table 7.7: Bit-rate vs. operational temperature using the schemes of 8D bit-loading
with and without power-loading as well as the bit-loading with conventional QAMs with
power-loading at different FEC threshold (unit ◦C).
FEC threshold QAM E8Flex w./o. PL ∆ E8Flex w. PL ∆
7 % HD-FEC 20 29.8 9.8 29.6 9.6
KP-4 20 33.6 13.6 13.6 22.1
KR-4/SR-4 20 37.1 17.1 17.1 31.9
i
i




































20 30 40 50 60 70 80
Figure 7.11: Bit-rate vs. operational temperature using the DMT schemes of 8D bit-
loading with (lemon grass circle) and without (tiffany blue diamond) power-loading as
well as the bit-loading with conventional QAMs with power-loading (azure triangle) at
different FEC threshold.
7.5 Summary
In this chapter, we proposed two inter-symbol MD DMT modulations
loaded with 4-D formats and 8-D formats respectively. We experimentally
verify the performance enhancement of the 4-D DMT transmissions com-
pared with its conventional counterparts in an OBTB and over 100/200 m
MMF. The MD shows an apparent gain of sensitivity in the low noise
regime. We also expend the idea to the 8-D scenario and demonstrate a
110-Gbit/s pre-FEC DMT transmission with the 8-D bit-loading schemes
with and without the optimal power-loading and present the enhancement
of the information rate (up to 20%), the extension of the reach (up to 50%)
and the increased tolerance of power loss (up to 5.5 dB) and thermal effects
(up to 34 ◦C) with respect to the 2.7% 100GBASE-SR4/KR-4 FEC, com-
pared with the QAMs bit-loading. Such scheme relieves the requirement
on the hardware system as well as the transmission conditions, which is
i
i






160 Multi-Subcarrier: Eight-Dimensional DMT
critical for the cost-sensitive intra-datacenter interconnects. Moreover, it
is intrinsically compatible with the future industrial standard of multi-lane
optical interconnects, e.g. octal small form-factor pluggable (OSFP). Con-
sidering the requirements on data rate, latency, reliability and flexibility,
DMT with 8-D bit-loading is a possible candidate for the future 100-G
intra-data center optical interconnects.
The impact of the quantization noise from the limited number vertical
resolution of the digital-to-analog converter (DAC) and analog-to-digital
converter (ADC) of DMT [204] is one of the major consideration during
the design of a DMT transmission system and has been treated as one
challenging factor which steals the potential benefits and hinders its further
application. Such effects may even further impact the performance of a MD
DMT, since they normally offer benefits in a low noise regime. The detailed
discussion on the potential impact of quantization noise is beyond the scope
of this paper and will be elaborated in specific work in the future.
The work summarized here is presented in PAPER 1 and PAPER 5.
i
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In the last chapter, we introduce the application of the eight-dimensional
(8-D) formats in a discrete multi-tone modulation (DMT) transmission sys-
tem. Every four complex channels are combined into one super-channel.
Thus, it is more natural to use the inter-symbol coded modulation, in-
stead of the inter-subcarrier ones, meaning that it combines the symbols in
different DMT symbols on the same subcarrier rather than ones on differ-
ent subcarriers within a single DMT symbol. It is implicitly required due
to the sub-band structure of DMT, since a normal DMT system tends to
have finer bandwidth granularities and more than one hundred sub-carriers.
It is essential to keep the orthogonality of each band for maintaining the
consistency and effectiveness of the optimal bit-loading and power loading
algorithm. Besides, the 8-D formats are designed base on the assumption
that the signal-to-noise ratio (SNR) for each channel is similar. For the
inter-subcarrier modulation, it is difficult to find four fixed sub-bands in
the DMT channels which have the same SNR at any time instant. It im-
plies that the power-loading algorithm has to be applied, which spoils the
benefit of the so-called directly bit-loading as discussed in the last chapter.
Alternatively, the carrier-less amplitude phase modulation (CAP) has
been reported as a promising 100 G solution [205] and have the poten-
tial of 100 G intra-datacenter transmission, i.e. 100 m multi-mode fiber
(MMF) with 850 nm multi-mode (MM) vertical-cavity surface-emitting
lasers (VCSELs) [54]. However, the nonlinearities of VCSELs in time do-
main generate the inter-carrier interference (ICI), which limits the achiev-
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dimensional (MD) format loaded CAP to enhance the tolerant for the
interference by utilizing the increased minimum mutual Euclidean dis-
tance (MMED) resulting from the intrinsic MD geometries.
In this chapter, we investigate the performance of a twenty-four-
dimensional (24-D) rate-flexible format, i.e. JUPITER-M, in a CAP sys-
tem with 12 sub-bands, named as Leech-CAP. The format is designed
based on a 24-D densest lattice structure, i.e. Λ24, and loaded in an
inter-subcarrier modulation. The compatibility between the format and
the modulation schemes are implicitly ensured due to two facts: (1) for the
usual practice, CAP has much fewer subcarriers than DMT. A uniform
inter-subcarrier MD formats are then more probably to be designed in the
corresponding dimensionality; (2) the new rate-flexible format, JUPITER-
M, can adapt to the channels (or dimensions) with different SNR, meaning
that the designing philosophy behind it differs from the previous E8Flex-m.
It intrinsically fits the coarsely divided CAP sub-bands, where the SNR of
each are quite diverse.
We briefly introduce the CAP modulation in Section 8.1 and elabo-
rate the principle of Leech-CAP in Section 8.2. The performance in dif-
ferent aspects are verified in an 850 nm vertical-cavity surface-emitting
laser (VCSEL) based intensity-modulated direct-detection (IM-DD) data
links. With the proposed scheme, a net 100 G transmission over 100 m
MMF is achieved with the bit error rate (BER) requirement of 7% forward
error correction (FEC). Moreover, various benefits are also observed, e.g.
the reach extension and tolerance enhancement to different sort of system
degradations.
8.1 CAP in general
We adopt in this chapter a multi-subcarrier transmission system named
multi-band CAP. It stems from the classical work of the CAP in 1975 [206],
which transmitted data through independent parallel streams via filtering
with an orthogonal waveform set. It offers comparable spectral efficiency
with the passband quadrature amplitude modulation (QAM), but with
more realistic and cheaper digital implementations. It was popular in the
applications of digital subscriber line (DSL) [207, 208]. It was proven that
the conventional CAP is sensitive to non-flat frequency response [209], and
requires complicated equalization. Applications of CAP in the short-reach
optical data links were continuously reported during past years. A 3-D/4-
D CAP using directly modulated VCSEL was reported in [210] and the
i
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8.1 CAP in general 163
applications for the datacenter interconnects in [211, 212]. M. I. Olmedo
and et al. first realized the CAP to a multi-band version in a digital system
[213,214], to enhance the robustness and relieve the stress on the hardware
system. It is also reported to be implemented in a coherent system, for
extending the reach and increase the data rate [215].
8.1.1 CAP
CAP is one implementation of multi-subcarrier modulation (MSM) trans-
mission, which we have formalized in Sect. 7.1.1. We briefly review the
concept here and continue to formalize the CAP modulations. For the
MSM symbols represented by a matrix D˜Nsc×∞ = [ d0 d1 · · · dm · · · ], in




m · · · dνm · · · dNsc−1m ]T is an super-symbol containing
Nsc symbols. d
ν
m is the m-th symbol on the ν-th subcarrier. The MSM







where m, ν ∈ Z, and ν ≤ Nsc; Ts is the time duration of each symbol; gν(·)
denotes the pulse function the ν-th carrier. And apparently, gν(t −mTs)
is time invariant, i.e. gν(t−mTs) = gν(t− (m−md)Ts), ∀md ∈ Z; Beside,




1 ν = ν ′
0 ν 6= ν ′ (8.2)
And note that dm ∈ RNsc when gν(·) is defined as real function. Otherwise
dm ∈ CNsc when gν(·) is complex. In the context of CAP, we usual adopt the
former definition. Thus, the passband channel carrying complex symbols
are normally seen as two-dimensional (2-D) CAP.
Normally in the description, we use the discretized form to express the
digitalized CAP modulations. For consistency with the last chapter, We
use gν [µs] to express the gν(t) when t = µsT0, where µs ∈ Z, and T0 is the
time interval between sampling points. For concision, we omit the subscript




dν [µ] ∗ gν [µ] (8.3)
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164 Multi-Subcarrier: Twenty Four-Dimensional CAP
in which ∗ denoted as the convolution operation. And more detailed, dν [µ]
following the condition in Eq. 8.4.
dν [µ] =
{
dνm for µ = mTs with m ∈ Z
0 otherwise
(8.4)
At the receiver side, we sample the received signal r(t) into r[µ]1. So
that we have similar relation like Eq. 8.3, but as in:
dν
′
= fν′ [µ] ∗ r[µ] (8.5)
Assuming that we have the same sampling rate at the receiver side and the
channel is ideal, we obtain the relation that transmit sequence t[µ] is the
same with the received one r[µ], leading to relation:
dν
′






[µ] ∗ gν [µ] (8.6)
After expending Eq. 8.6, we can obtain the following Eq. 8.7, which full






dνm (fν′ ∗ gν) [µ−mTs] (8.7)
Based in this, we can extract the impulse responses function hνν′ , which
follows the Eq. 8.8.
hνν′ = fν′ ∗ gν [µ] (8.8)
From Eq. 8.8, we can define an impulse response matrix HNsc×Nsc [µ],
with hνν′ as matrix elements. A good set of function gν need to be found
to avoid the inter-symbol interference (ISI) and ICI. Therefore, the H[µ]
needs to fulfill the following conditions as:
H[µ] =
{
I for µ = 0
0 for µ = mTs
(8.9)
in which I denoted as a Nsc ×Nsc that for n of any other value, H is not
defined.
1Note that here µ should be also µs for concision
i
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Figure 8.1: The taps of the FIR filter for generating a 2-D CAP using an orthogonal
function pair: (left) the taps for the filter using sin function; (right) the taps for the filter
using cos function. Both filter combines with a root-raised-cosine function with α=0.5.
Besides, for maximizing the SNR of the system, or the transmitter and
receiver pair, we need to regulate that:
fν′ [µ] = gν [−n], or fν′ [−n] = gν [µ] whenν ′ = ν (8.10)
We then can rewrite Eq. 8.8 as following:
hνν′ = gν′ [−n] ∗ gν [µ] (8.11)
For the origin of CAP [206], the orthogonal function basis gν(·) is found
in Eq. 8.12 to construct the 2-D CAP with the flexible bandwidth occu-
pancy, which is a combination of root-raised-cosine filter R[µ] and a the
sinusoidal Hilbert-pair basis ({cos, sin}).
gν [µ] = fν′ [−n] =
{
Rrrc[µ]cos(2pifcn) when ν = ν
′(mod2) ≡ 1
Rrrc[µ]sin(2pifcn) when ν = ν
′(mod2) ≡ 0 (8.12)
in which ν ∈ { 0, 1 }, meaning only two channels are considered with a
single carrier with frequency of fc.
The taps of the FIR filter are schematically shown in Fig. 8.1. The
i
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where α ∈ [0, 1] is the roll-off factor. It is clear that the output sampled










From the CAP filter expressed in Eq. 8.12, there are three important param-
eters to adjust the modulation, namely the carrier frequency fc, the length
of filter Lrrc, and the roll-off factor of the root-raised-cosine function α.
They determine the spectral of the signal. fc can be chosen arbitrarily as
long as it is smaller than the highest frequency that the CAP filter can
represent. The roll-off factor α is parameter of the root-raised-cosine func-
tion, which determines the reduction of spectral occupancies of the pulse
shaping effects. The frequency occupancies of a passband signal is shaped
into the following form:
Bs = Rs (1 + α) (8.15)
in which, Rs is the symbol rate; Bs is the frequency occupancy of the signal
band. It is clear that when α=0, the signal is actually shaped by a sinc
function, whose frequency is rectangular with sharp edges, which occupies
narrowest bandwidth equal to Rs. When α=1, it degenerates to the case
with the same bandwidth consumption as the unshaped signal. The length
of filter Lrrc is an essential parameter related to the system performance and
complexity. With the reduction of the bandwidth occupancies by shaping
i
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Figure 8.2: The principle of a multi-CAP transmission system.
the pulses with lower α values, it requires a longer filter, i.e. more filter
taps.
8.1.2 Multi-CAP
Starting from Eq. 8.14, we can extend the single sub-carrier CAP to a














The schematic illustration of the principle of a multi-CAP is shown in
Fig 8.2.
The signal is first separated into multiple (denoted as Nsc) parallel
streams, mapped into desired formats, e.g. m-QAMs and loaded onto sub-
bands with different frequency fν , ν ∈ { 0, 1, · · · , Nsc − 1 }. For avoiding
the ICI, frequency spacing ∆F is required to be larger than Rs (1 + α).
For understanding the required sampling frequency, we refer to the similar
discussion in [214]. We denote the sampling rate of the signal generation













168 Multi-Subcarrier: Twenty Four-Dimensional CAP
where Nss indicates the number of samples per symbol. FAWG should
follow the Nyquist rules, which imposes the condition as:
FAWG > FNyquist = 2Rs (1 + α) (8.18)
which is converted to the condition for the sampling rate as
Nss > 2N (1 + α) (8.19)
Since the channel response is usually time-varying and non-flat, an
adaptive optimal bit-loading and power-loading algorithm is necessary to
achieve the optimal performance. The algorithm is similar to the bit- and
power-loading algorithm used for the DMT transmission in Chapter 7.
8.2 24-D CAP: Leech-CAP
As other MSM transmissions, e.g. DMT, CAP is naturally MD. There-
fore we can use MD coded modulation to enhance the performance. One
possible solution is the so-called inter-symbol MD coded modulation. Such
method has been applied to the 8D-DMT as discussed in the last chap-
ter. It constructs the virtual MD signal space by combining the subcarriers
with the same frequency through multiple MSM channels. As discussed,
it is implicitly required by DMT, as the channel conditions are more sta-
ble for the inter-symbol combination than the intra-symbol super-channels.
Without doubting, similar modulation schemes can be also applied to the
multi-CAP transmission.
Meanwhile, compared with DMT, multi-CAP is also suitable for the
intra-symbol MD coded modulations. The major reason is that a multi-
CAP transmission has much fewer subcarrier than DMT does. For realiz-
ing the intra-symbol MD coded modulation, DMT subcarriers with similar
SNR have to be grouped into different sets. However, the channel based on
VCSEL is time-varying, meaning that the concrete condition on the specific
subcarrier changes continuously. It implies that the similarity of the channel
condition, which is the requirement for the subcarriers grouped together,
is not always guaranteed. The continuous re-grouping, therefore, consumes
extra computational resources and adds additional latencies. While MSM
transmission can offer a MD signal space through the subcarriers in the
entire symbol. Therefore, the adaptive adjustment will not be more com-
plicated than the conventional QAM schemes.
More concretely, we can extend the multi-CAP to a 24-D by using 12
subcarriers, i.e. Nsc=12, with two real channels for each subcarrier. It
i
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Figure 8.3: A schematic illustration of the construction of Leech-CAP.
implies that each 12-subcarrier CAP is inherently 24-D. For each subcar-
rier, two real channels are constructed by applying two orthogonal CAP
filters. Conventionally, these 2-D channels can be loaded with the conven-
tional QAMs. Besides, since the 12-subcarrier CAP symbols are intrinsi-
cally 24-D, it is also natural to consider loading with an entire CAP symbol
with 24-D format, such as Leech24D-m. However, due to the non-flat re-
sponses of channels based on VCSEL, the SNR values for each subcarrier
differ. Therefore, the rate-flexible SNR-adaptive 24-D format, JUPITER-
M as discussed in Sect. 6.3, is a better candidate. A schematic illustration
of the concept is shown in Fig. 8.3.
As the JUPITER-M offers Jupiterp-mp on each subcarrier, having steps
of spectral efficiency with one bit per projection. It is the same with the
conventional QAM. Therefore, the typical bit- and power-loading algo-
rithm is naturally applicable for Jupiterp-mp. It is also noteworthy that
the estimation of the required SNR in term of a specific FEC threshold is
no more exactly independent for each projection, but have to be calculated
together with the constellation in other projections.
8.3 Experimental setups and methods
The schematic of the experiment setup is shown in Fig 8.4. At the trans-
mitter, the input bits were mapped into 24-D super-symbols, and each
i
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Figure 8.4: The schematic of the experimental setup for Leech-CAP.
super-symbol was further combined into 12 complex symbols, each for one
subcarrier. Symbols for each subcarrier were processed by CAP filters,
which is as to Eq. 8.16. The filters adopted the roll-off coefficient, α=0.02
and had a length of 30 symbols. The processed signal was uploaded to a
64 GSa/s 8-bit arbitrary waveform generator (AWG). It has a 33-GHz ana-
log bandwidth. We used an 850 nm MM VCSEL as the light source. It has
the optical power output of 6.5 dBm and 3 dB bandwidth at 19 GHz when
biased at 18.5 mA. It was modulated by the electrical signal of 1 Vpp. The
VCSEL was mounted on an evaluation board (EVB) with wire bonding.
We coupled the light from the laser to the MMF by an aspherical lenses
pair. The lenses were mounted on the motorized stage with the mechani-
cal resolution < 2 nm. The stage was then connected and controlled by a
centralized computer. The VCSEL was placed on a heat sink, which was
controlled by a thermoelectric cooler (TEC) controller, with adjustment
resolution around 0.2 ◦C.
After transmission through a spool of OM3 MMF, the optical signal
was received by a calibrated 22 GHz 850 nm photoreceiver.
Data traces were captured by an 80 GSa/s digital storage oscilloscope
(DSO) of > 30 GHz analog bandwidth, with 5.2×107 samples for each. At
the receiver side, the time window was resampled and synchronized before
demodulated by the matched CAP filters. The two orthogonal inverted
matched CAP filters of a specific subcarrier frequency demodulated the
traces into two of the Nsc parallel steams of symbol on the corresponding
subcarrier. A decision feedback equalizer of 20 T/2 forward taps and 4
feedback taps was applied to mitigate the linear interference. The output
bit sequence was then obtained after a 24-D soft-decision and bit-to-symbol
i
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Table 8.1: The parameters of the experiment setup for a Leech-CAP supported 100 G
IM-DD transceiver.
Parameter Symbol Value Unit
Sequence length - 215 -
Symbol rate Rs 1.88 GBaud
Bit rate - 60-130 Gbit/s
Formats - Leech-CAP/Multi-CAP -
Bands number Nsc 12 12
Roll-off factor α 0.02 -
Length of CAP filter Lrrc 30 symbols
Bias current Ibias 18.5 mA
Output power - 6.5 dBm
wavelength λ 850 nm
Modulation amplitude Vpp 1 V
AWG analogy frequency fAWG−3 dB ∼ 20 GHz
AWG sampling rate FAWG 64 GSa/s
AWG vertical resolution - 8 bit
DSO analogy frequency fDSO−3 dB ∼ 33 GHz
DSO sampling rate - 80 GSa/s
DSO vertical resolution - 8 bit
VCSEL type - Multi-mode -
VCSEL pigtail - MMF -
MMF length LMMF 0-200 m
PR bandwidth fPR−3 dB 22 GHz
PR Gain G -80/-70 V/W
PR Output noise NPR 590 µVrms
PR Impedance ZPR 50 Ω
Ambient temperature T 20-80 ◦C
de-mapping. The decoded bit sequence was fed into the bit error rate
tester (BERT), as well as the channel monitoring.
In the experiment, we first conducted an estimation on the channel
condition by transmitting the signal with a rough estimation on the bit-
and power-loading parameters. After the channel monitoring, i.e. the SNR
calculation.
We allocated the bandwidth into 12 subcarriers, with each band of
1.88 GHz, i.e. 1.88 GBaud/s, and the band spacing at 1.02 of the baud
i
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Table 8.2: BER vs. pre-FEC rate using the schemes of conventional CAP and Leech-
CAP (unit Gbit/s) in OBTB and over 100 OM3 MMF.
Format QAM-CAP Leech-CAP ∆ ∆ (%)
7% FEC OBTB 113.2 116.5 3.1 2.7
KP-4 OBTB 90.0 103.2 13.2 14.7
SR-4/KR-4 OBTB 71.9 95.3 22.4 31.2
7% FEC 100 m OM3 97.9 107.3 9.4 9.6
KP-4 100 m OM3 77.2 96.0 18.8 24.4
SR-4/KR-4 100 m OM3 65.9 88.5 22.6 34.3
rate. The modulation amplitude was limited by an optimal clipping ratio
of 10.5 dB. The bit and power loading were optimized by the water-filling
algorithm, similar to [203]. The details of the parameter adopted in this
experiment are referred to Tab. 8.1.
8.4 Experimental results
8.4.1 Pre-FEC bit-rate
Pre-FEC rate vs. BER is shown in Fig. 8.5 in an optical back-to-back
(OBTB) transmission (upper) and over 100 m OM3 MMF (lower), with
Leech-CAP and conventional CAP loaded with m-QAMs. On the 7% hard
decision FEC (3.8×10−3) limits, the Leech-CAP reaches 116.5 Gbit/s for
OBTB and 107.3 Gbit/s for the fiber link, while 113.2 and 97.9 Gbit/s
for the conventional one. The Leech-CAP gains an increase of bit-rate of
9.6% and enables the effective net 100 G transmission over 100 m OM3
MMF. On the limit of KP-4 (2.2×10−4), the Leech-CAP earns the bit rate
increase of 24.4% over the conventional CAP scheme, reaching 96 Gbit/s.
Such increase extends to 22.6 Gbit/s, i.e. 34.3%, giving the pre-FEC rate
of 88.5 Gbit/s on the limit of the 100GBASE SR-4/KR-4 (1.46 × 10−5).
The benefits of the high SNR regime come from the enlarged MMED by
constructing the format set through all subcarriers. As expected, such MD
geometry shaping can effectively relieve the ICI. See more detail in Tab. 8.2.
i
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Figure 8.5: BER vs. pre-FEC rate using the CAP schemes of Leech-CAP with (green
circle) and the conventional QAM loaded CAP (azure triangle) in optical back-to-back
(upper) and 100 OM3 MMF(lower).
8.4.2 Reach extension
Leech-CAP provides effective reach extensions compared with its conven-
tional counterpart. With the same achievable bit rate over 100 m MMF,
the Leech-CAP extends the reach by 42%, 75% and 87% regarding the 7%
FEC, KP-4 and KR-4/SR-4 respectively, reaching 142 m, 175 m and 187 m
accordingly. See more detail in Tab. 8.3. It is clear that when entering the
low noise regime, i.e. high SNR, the extension of the reach of Leech-CAP
gets even higher.
8.4.3 Tolerance for the insertion loss
Tolerance of power loss is enhanced by using Leech-CAPs. They reduced
the required optical power by 6.2 dB, 9.1 dB and 9.4 dB regarding the
7% FEC, KP-4 and KR-4/SR-4 respectively, reaching 12%, 32% and 400%
accordingly. See more detail in Tab. 8.4.
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Table 8.3: Bit-rate vs. reach using the schemes of conventional CAP and Leech-CAP
(unit m).
Format QAM-CAP Leech-CAP ∆ ∆ (%)
7% FEC 0/100/178 68/142/200 68/42/22 -/42/12.4
KP-4 0/100/126 128/175/200 128/75/74 -/75/58.7
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Figure 8.6: Bit-rate vs. reach using the CAP schemes of Leech-CAP with (green circle)
and the conventional QAM loaded CAP (azure triangle) at different FEC threshold.
8.4.4 Tolerance for the thermal degradations
Thermal tolerance, the Leech-CAP is shown to have a higher thermal toler-
ance. It provides the same data rate as the conventional CAP does at 20 ◦C
under higher operational temperatures, i.e. 40.3 ◦C, 51.2 ◦C, and 55.2 ◦C,
with the corresponding FEC requirements. See more detail in Tab. 8.5.
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Table 8.4: Bit-rate vs. power loss using the schemes of conventional CAP and Leech-
CAP (unit dB).
Format QAM-CAP Leech-CAP ∆ ∆ (%)
7% FEC 0/8.9 6.2/10 1.1 -/12.4
KP-4 0/7.6 9.1/10 2.4 -/31.6
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Figure 8.7: Bit-rate vs. power loss using the CAP schemes of Leech-CAP with (green
circle) and the conventional QAM loaded CAP (azure triangle) at different FEC thresh-
old.
8.4.5 Performance comparison with DMT
Net 100 Gbit/s transmission have been archived with DMT and multi-CAP
MSM schemes based on the 850 nm VCSELs.
Compared with the DMT modulation schemes in Chapter 7, where
the experimental setup is close, the performance of Leech-CAP with short
transmitting distances lags slightly behind its DMT counterpart, when the
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Table 8.5: Bit-rate vs. operational temperature using the schemes of conventional CAP
and Leech-CAP (unit ◦C).
Format QAM-CAP Leech-CAP ∆ ∆ (%)
7% FEC 20/69 40.3/80 20.3/11 101.5/15.9
KP-4 20/48 51.2/80 31.2/32 156/66.7
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Figure 8.8: Bit-rate vs. operational temperature using the CAP schemes of Leech-CAP
with (green circle) and the conventional QAM loaded CAP (azure triangle) at different
FEC threshold.
conventional QAMs are loaded. However, the improvements of 24-D intra-
symbol coded modulation is apparently larger than what brings from the
8-D version of DMT.
Compared with DMT, CAP or multi-CAP is more sensitive to the non-
flat spectra and imposes higher requirements on SNR. While, on the other
hand, CAP is expected to be realized with an analog framework, which
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Table 8.6: Comprehensive comparison between QAM-DMT, QAM-CAP, 8D-DMT and
Leech-CAP in OBTB and over 100 m MMF.
OBTB (Gbit/s) 7% HD-FEC KP-4 KR-4/SR-4
QAM-CAP 113.2 90 71.9
QAM-DMT 115 95.3 84.2
∆c
2 -1.8 -5.3 -13.3
Leech-CAP 116.5 103.2 95.3
8D-DMT 116.4 102.7 94.6
∆m 0.1 0.5 0.7
δ=∆m-∆c 1.9 5.8 14
100 m MMF (Gbit/s) 7% HD-FEC KP-4 KR-4/SR-4
QAM-CAP 97.9 77.2 65.9
QAM-DMT 108.6 84.8 71.9
∆c -10.7 -7.6 -6.0
Leech-CAP 107.3 96 88.5
8D-DMT 109.6 94.0 84.6
∆m -2.3 2.0 3.9
δ=∆m-∆c 8.4 9.6 9.9
is critical for the future applications in the datacenter interconnects, as it
avoids using expensive analog-to-digital converter (ADC), which offers a
more affordable realization [209].
8.5 Summary
We design and demonstrate a 24-dimensional modulation, i.e. Leech-CAP,
based on the framework of a CAP modulation with 12 subcarriers, namely
JUPTIER-M. It enables the 100 Gbit/s transmissions over 100 m MMF
with 850 nm multi-mode vertical-cavity surface-emitting laser (MM-VCSEL).
It proves that applying an inter-subcarrier coded modulation based on the
high-dimensional geometry can effectively improve the performance of a
multi-subcarrier transmission. Such scheme can be considered as an al-
ternative solution for the datacenter interconnection, where the design of
physical layer is severer than the digital signal processing (DSP).
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The work summarized here is presented in PAPER 2.
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For enhancing the performance of the optical data links used inside mega-
datacenters on the physical layer, various configurations and techniques
have been proposed and investigated in recent years, including diverse mul-
tiplexing schemes, e.g. shortwave division multiplexing (SWDM) and mode
division multiplexing (MDM), coherent and partial coherent frameworks,
e.g. the direct detection for complex signals, sensitivity enhancing technol-
ogy and mode-selective launching techniques. Among all, two alternative
related link enhancing techniques are introduced in this chapter, including
the mode-selective launching and the optical compensation for the MDM
for orbital angular momentum (OAM) modes, i.e. optical vortex modes or
simply optical vortices. A further discussion on their chances and challenges
will be given later.
9.1 Mode-selective launching
The effective bandwidth of a multi-mode fiber (MMF) channel is limited
mainly by differential mode delay (DMD). The group velocities for modes
within different mode groups are diverse. If modes in more than one mode
group are excited, the DMD generates the relative time delay between
modes, i.e. intermodal interference (IMI). Such dispersive effect is the
major limiting factor for the bandwidth degradation. By applying the mode
controlling techniques, these deleterious effects can be suppressed. The
idea in general leads to a class of mode excitation techniques, or launching










180 Other Modulation Techniques
straightforward realization is on the laser-fiber interface [217]. Some other
newly developed techniques, such as the mode selective laser [218], are
beyond the scope of this paper.
It is known from previous research that the group velocity difference,
or known as DMD, between mode groups of higher order is smaller than
ones of a lower order, especially in the case where the fundamental mode
is involved. Using precise central launch techniques, people can excite the
fundamental mode only in the MMF. It can be realized by using the single-
mode fiber (SMF)-MMF couple at the transmitter side by precisely con-
trolling the relative position and tiling angle [219]. However, due to the
imperfection of fiber dimensions, twisting and bending during the propa-
gation, modes coupling is inevitable, which excites additional higher order
modes, limits the purity of the fundamental mode, and degrades the per-
formance consequently. Moreover, the precise mode launching needs high-
quality fiber coupling, which adds the expenses accordingly. Alternatively,
it is possible to use the single-mode (SM) light source. The recent works
include a 54 Gibt/s transmission over 1 km OM4 and 20 Gibt/s over 2 km
OM4 respectively [220,221].
The third mode selective launching is so-called modes shaping tech-
niques, or sometimes known as mode conversion. It is realized by shaping
the modes output from the light source and shaping the mode order by using
free-space technologies, such as wavefront engineering via diffractive optical
elements [222] and spatial light modulator (SLM). Mode-selective launch-
ing investigations have been reported with different operational wavelength,
including 1550 nm [223], 1300 nm [222], 850 nm [224], and 640 nm [225].
Apart from the fixed the phase pattern, by using the computer-generated
holography (CGH), the adaptivity can be introduced in optimizing the
phase pattern for achieving the optimal excited modes. It can be based
on a different cost function, including the difference between the modu-
lated field and the desired pattern [223], the eye open for the modulated
signal [224], and signal to interference ratio [226].
In 2015, we demonstrated a mode-selective launching with a vortex
mode shaping via using SLM. The vortices pattern is generated on SLM
with a flexible change of the topological charge. The donut-like intensity
profile can be observed in the far field, which is used to excite modes of
higher order in MMF. An illustration of the phase pattern and simulated
intensity profile, together with the observed pattern with an 850 nm camera
are shown respectively in Fig. 9.1.(a), (b) and (c).
The experiment setup is shown in Fig. 9.2. It adopted a regular signal
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(a) (b) (c) 
Figure 9.1: Generations of OAM modes. (a) the phase pattern to generate the OAM
mode;(b) the simulated OAM mode;(c) the observed OAM mode, when topological charge
l=3.
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Figure 9.2: Schematics of the experimental setups for the MMF launching with mode
shaping. Att.-Attenuator; C1, C2-Collimators; FP-Fiber Patchcord; M-Mirror; L1, L2-
Lenses; S1, S2-xyz Stages; SLM-Spatial Light Modulator.
transmitter using an 850 nm vertical-cavity surface-emitting laser (VCSEL)
as a light source. The output light beam was processed and modulated with
a free-space setup. After the collimation, the light beam was modulated by
a SLM, whose operational wavelength was centered at 850 nm. A donut-
liked light profile was generated with a dark spot at the middle of the beam.
The light beam was then focused on the fiber end of a piece of MMF.
We demonstrated and verified the benefits of the mode-selective launching
techniques with vortex modes in aspects of the enhanced sensitivity.
From Fig. 9.3, the improvement of the bit error rate (BER) sensitivity
can be easily observed. We place the analysis in a long term evolution (LTE)
radio-over-fiber (RoF) application scenario via 400 m OM4 MMF. In gen-
eral, along with the increase of the topological charge of the vortex modes,
i.e. the order of the modes, an increasingly improved transmission quality is
observed. Specifically, at the standard 7% forward error correction (FEC)
limit, the vortex mode launching with M3 can offer an averagely 1.5 dB
power benefit, compared with M0, namely the fundamental mode, in both
i
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Figure 9.3: The BER performance of optical signal modulated with OAM modes of
different topological charge over 400 m OM4 MMF, m=0,1,2,3.
cases following the LTE standards or 4 GHz carrier.
The mode-selective launching offers a low-cost solution of the link en-
hancement, as it can be easily realized by using the diffractive optical el-
ement (DOE), e.g. vortex lens or phase plates. While the drawbacks of
such modulation are also apparent, laying the facts that: (1) the stability
of coupling becomes a risky factor. Especially the collaborative effects be-
tween the mode shaping and imprecise coupling so-far remain insufficiently
investigated. (2) the shaping of the phase front requires free-space prop-
agations, implying an increased footprint of the optical module. (3) the
modes propagation behavior inside the MMF remains unclear. Therefore,
so-far it can only offer a qualitative analysis on such link enhancement, but
makes it difficult to give a rigorous quantitative analysis.
9.2 Optical compensation for vortex modes
In PAPER 12, we demonstrated another link enhancement techniques.
The study focuses on an all-optical mode compensation of the MDM sys-
tem using optical vortex modes. Such technique is expected to enhance
the channel capacity for a short-reach inter-datacenter transport. We used
an 850 nm distributed feedback laser (DFB) laser as the light source while
using standard single-mode-fiber (SSMF) as the channel. Thus, more than
one mode can be accommodated in the SSMF, making it possible to be uti-
lized as the few mode fiber (FMF) by reusing the deployed fiber resource,
and expect to enhance the channel capacity. Besides, we used OAM modes
with different topological charge as independent channels. However, optical
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vortices transported in the conventional SMF suffer from stochastic mode
coupling due to fiber twisting, bending and imperfection. Thus, a multi-
input multi-output (MIMO) based digital mode compensation is normally
necessary [227,228]. However, for the application scenarios of the datacen-
ter interconnects, such MDM is not favorable due to the facts including
(1) an analog-to-digital converter (ADC) based quantization is inevitable,
which adds the cost; (2) the digital signal processing increases the laten-
cies, which is not preferred in a latency-sensitive application. Therefore,
an all-optical based mitigation of the inter-modal crosstalk is an effective
solution considering the power consumption and cost. We experimentally
demonstrated an OAM mode compensation on the mode coupling effects
over SSMF in a complete optical domain.
The experimental setup is shown in Fig. 9.4, where the key building
blocks are two SLMs. The first one excited the optical vortices, and the
second one was used for estimating the propagation matrix and conducting
the mode compensation. We reconstruct the fiber complex propagation
matrix by utilizing the azimuthal decomposition of the output field [229],
which enables the determination of the matrix elements from the direct
calculation of the field intensity in the corresponding diffraction orders. A
patch cord (L = 4 m) made of SSMF was used. It behaves as a 3-mode fiber
at the wavelength 848 nm. The reconstruction of the propagation matrix
consisted of two steps. First, individual modes were transmitted. By doing
so, the amplitudes of all elements and the phase differences within each
column relative to the element on the main diagonal could be determined.
Then the phase differences between columns were determined by using twin-
mode superposition through adjacent modal channels, for details in [230].
We used a CGH to realize the inverse matrix for the fiber propagation.









in which, u−1νµ is the element of the inverse of normalized propagation ma-
trix; N is the number of modes considered; lµ is the topological charge
of the µ-th transmitted mode; wν is the spatial carrier corresponding to
the ν-th received mode; x = (x, y) is the coordinators of the screen. An
illustration of the CGH is shown in Fig. 9.4.(b) and (c).
The brief illustration of the results is shown in Fig. 9.5. which shows
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(a) (b) (c) 
Figure 9.4: Schematics of the experimental setup.(a) Experimental setup for the fiber
analysis and mode coupling compensation: SLM1, SLM2-spatial light modulators Hama-
matsu X10468-02 (792×600 pixels); OSA-optical spectrum analyzer; FS-fiber splitter;
L1-L3-lenses; FL-Fourier lens; HWP1, HWP2-halfwave plates; BP1, BP2-beam polariz-
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Figure 9.5: Experimental results of the CGH based all-optical modes compensation.
(a) and (b) normalized intensity distribution between modes during fiber analysis and
after optical compensation respectively.
the effectiveness of the CGH based all-optical compensation for OAM mode
coupling in fiber channels. The experiment demonstrated an approach
which allows a potential utilization of the vortex modes in an MDM com-
munication system which has the potential to reuse the 850 nm optics and
SSMF resources for the future datacenter interconnects.
9.3 Discussion
The above discussed two different schemes aiming to enhance the per-
formance of the current generation of link configuration inside the mega-
datacenters. Here, we discuss the technical features of these schemes and a
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vista of the future.
The mode-selective launching techniques have the technical and com-
mercial potential in the current, and future generations of short-reach op-
tical interconnects if the links of MM-VCSELs over MMFs are still the
mainstream technologies. In fact, companies like, Finisar and IBM are
actively investigating this specific direction. The possible difficulties are
similar to the SM-VCSELs over MMF when the low-cost coupling become
more expensive for the mode-selections. For instance, the off-set launching
is the easiest way of generating the higher order excited modes. However, it
implies, meanwhile, a high coupling precision. Various environment effects
may deteriorate the advantages, such as thermal expansion. Moreover, the
behavior of modes inside the MMF is stochastic. The performance bene-
fits are not theoretically guaranteed. Besides, finding the realistic physical
implementation is also challenging. Therefore, so for the mode-selective
launching techniques are treated as engineering practice for the comple-
mentary of the current generation technologies, but perhaps not for a long
term.
The optical compensation techniques for the MDM with optical vortex
modes is initiated to the possible transmission schemes, i.e. using SSMF as
FMF with a light source of short-waves, e.g. 850 nm. The current SSMF
installation can support the few mode division multiplexing (FMDM) trans-
mission. Such scheme may catch the chance of market when the current
mega-datacenters evolve to ones with even larger scale. As well known
that the MDM has encountered strong competitors of other spatial divi-
sion multiplexing (SDM) schemes, e.g. multi-core fiber (MCF) [231], for
that in the standard telecommunication scenarios, the SDM upgrade poses
the question on the choice of the inevitable new fiber installation between
FMF/MMF or MCF, instead of using shortwave carrier techniques over
the current SSMF installation, due to the facts like the high attenuation
and chromatic dispersion. Yet, since the market window is transient, it re-
mains uncertain whether the actual product will appear before the window
is closed when the MCF might become the dominating technology inside
the mega-datacenters.




















Through the whole thesis, several multi-dimensional (MD) formats for
intensity-modulated direct-detection (IM-DD) applications have been pro-
posed and investigated. We start from the fixed rate four-dimensional (4-D)
and eight-dimensional (8-D) pulse amplitude modulation (PAM) with sim-
plified modulations, followed by a twenty-four-dimensional (24-D) exten-
sion. These formats are then developed to the rate-flexible format family
E8Flex-m and JUPITER-M in 8-D and 24-D respectively. The potential
of these two formats are then verified in a discrete multi-tone modula-
tion (DMT) and a carrier-less amplitude phase modulation (CAP) system
respectively.
10.1 MD coded modulation for IM-DD
How MD can help
From the previous chapters, we can conclude that the MD formats, i.e.
MD coded modulations, can help to enhance the bit error rate (BER)
performance if the other transmission conditions are the same compared
with the uncoded formats, i.e. conventional PAMs, DMT or CAP in the low
overhead (OH) forward error correction (FEC) threshold or asymptotically.
The gaps generated on the BER values can be converted into the benefits in
various aspects. For instance, for the same performance, the MD formats
are proven more tolerant for the insertion loss and thermal degradations.
Among the benefits, two are essential. One is the reach extension. The
vertical-cavity surface-emitting laser (VCSEL)+multi-mode fiber (MMF)











optical output power, the gap on BER offers a larger margin for tolerant
for the degradation from the dispersion and, therefore, converted into the
extended reach. The other benefits for the practical products lay in the
potential reduction of cost. As discussed before, by using the format with
finer granularities, the bandwidth resources can be fully utilized. It implies
the possibility to use optical components in a lower class of specifications,
e.g. narrower bandwidth and lower maximum output power.
Where comes from the benefits
From insights into the lattice structure and a deeper understanding of the
(de)modulation of the MD lattice-based coded modulation with a more ab-
stract perspective, we can find the source of the benefits for BER sensitivity
from the utilization of the soft-information. The encoder, i.e. modulator,
has essentially a higher resolution, or equivalently more digital-to-analog
converter (DAC) bits. On the other hand, the soft-decision or the hyper-
space hard-decision (HD) used for the MD format decision reserves the
soft-information in each regular symbol. It implies that when applying the
analog-to-digital converter (ADC) with lower resolution, it may degrade
the performance of a certain MD modulation scheme. In this thesis, we
also discuss a soft-decision scheme which directly uses the analog signal
without quantization, where the soft information is naturally contained in
the sampled sequence and not destructed by the ADC. By using a mixed
integrated circuit (IC) design, we can abstractly propose an analog soft-
decoding scheme. Such technique may benefit the all potential transmission
systems which are supposed to avoid digital signal processing (DSP), such
as IM-DD PAM transceivers using analogy equalization, e.g. continuous
time linear equalization (CTLE). The other potential applications lay in
the analog coherent transceiver for the future datacenter interconnects.
Collaborative effects with FECs
Collaborative effects between the coded modulation and FEC remains un-
known. In all the works mentioned in the previous chapter, we adopt the
standard FEC threshold, i.e. the required BER values, as the criteria of
a successful transmission, for that the post-FEC BER is expected below
10−12 which is seen as error free. However, the fixed requirement on BER
may not reasonable when other coded modulation schemes or FEC strat-
egy are applied. In [232], Tobias and et al. suggest of using the generalized
mutual information (GMI) to estimate the potential benefits when the hy-
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brid channel coding-coded modulation schemes are adopted, which can be
a strong tool to analyze this issue.
Will PCS help on VCSEL based IM-DD system
Probabilistic constellation shaping (PCS) is proposed for coded modula-
tions in the coherent systems [233]. Higher dimensional probabilistic con-
stellation shaping (PCS) is also processed include the 4-D PCS [234]. The
applications of the PCS’s in the IM-DD systems are also reported recently [].
Whether the PCS also benefits the transmission for a VCSEL based IM-DD
system is however controversial. In a talk in 2017 [235], X. Zhou and et
al. pointed out that the PCS is based on the additive white Gaussian
noise (AWGN) assumptions. While the noise distribution of a VCSEL
based IM-DD system is no more rigorous Gaussian. Due to the nonlinear
physical process and RIN-dispersion collaborative effects, the noise of the
VCSEL output follows a mixed Gaussian, instead of pure Gaussian noise.
Therefore, a careful design of the distribution matcher should be investi-
gated. However, the benefits of the sensitivity come from similar sources,
namely the utilization of the soft-information by adopting ADC or decode
with finer granularity. The deeper investigation of the PCS in for a VCSEL
based system is beyond the scope of this work.
10.2 A brief history of tomorrow
Deep learning based fast decoding for MD formats
The deep learning framework, or known as artificial neural networks with
multiple hidden layers, is reported to be applicable in the channel decoding
[236]. The similar techniques are expected in the decoding for a MD format.
The potential benefit lays the consideration of the latencies and power
consumption. The mixed IC design requires explicit digital components,
e.g. cache and register, the latencies are mainly dependent on the speed of
caching the temporary bit sections. Yet, if the neural nets inspired decode
structure is feasible to provide comparable performance compared with the
conventional optimal soft-decisions, the latencies resulting from the signal
processing can be greatly reduced. Moreover, the stream based neural
nets are generally power efficient, for that no extra bit cache is required
during the process. And the spike neural networks are expected to provide
even lower power consumption. Even though, the current generation of
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the neuromorphic chip is still digital, the pure analog neuromorphic chip is
promising for the future channel decoding.
Trans-platform applications
The applications of MD formats investigated in this thesis also have the po-
tential in other transmission systems, such as single-carrier and wavelength
division multiplexing (WDM) coherent systems and mode division mul-
tiplexing (MDM) systems. The potential of the MD formats mentioned
above lay in the bit-rate flexibility. The benefits of the BER sensitivity
may not be the key for the coherent systems, as the on the standard 7%
HD FEC, the performance difference between the MD formats and the reg-
ular quadrature amplitude modulation (QAM) is trivial. Besides, the noise
of a coherent system with erbium doped fiber amplifier (EDFA) is mod-
eled as AWGN. Therefore, even the asymptotic gain of the lattice-based
constellations may be not better than the constellation shaping scheme,
which follows the Gaussian probabilistic distributions. Yet, the benefits
they provide hide behind the rate flexibility and smooth transitions at 7%
FEC threshold. Today, the 4-D modulation formats for the coherent system
have been adopted due to the 4-D nature of the electromagnetic field. The
4-D rate-flexible formats and the corresponding modulation schemes have
been reported in [60, 63]. Thus, the E8Flex-m is expected to be applied in
the coherent system, as an 8-D version of the formats mentioned above.
We hope our works summarized in this thesis can open the new possi-
bilities of the MD formats in more in-depth and broader applications.
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DSL digital subscriber line





AWGN additive white Gaussian
noise
BER bit error rate




CDR clock and data recovery



















































FEC forward error correction
FFE feed-forward equalizer
FFT fast Fourier transform
FMF few mode fiber













IDFT inverse discrete Fourier
transform
IFFT inverse fast Fourier
transform






































































modulation with 2 levels
PAM-4 pulse amplitude
modulation with 4 levels
PAM-8 pulse amplitude
modulation with 8 levels
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222 List of Acronyms
PAPR peak-to-average power
ratio























QPSK quadrature phase shift
keying
QSFP quad small form-factor
pluggable
QSFP28 quad small form-factor
pluggable with
4×28 Gb/s interface
QSFP-DD quad small form-factor
pluggable double density
RF radio frequency





























SPC single parity check
SWDM shortwave division
multiplexing
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